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Ââåäåíèå

Àêòóàëüíîñòü òåìû èññëåäîâàíèÿ è ñòåïåíü åå ðàçðàáîòàííîñòè. Äèññåðòàöèÿ

ïîñâÿùåíà ðàçðàáîòêå àëãîðèòìîâ îïòèìàëüíîãî óïðàâëåíèÿ ïîâåäåíèåì ðåøåíèé ìàòåìà-

òè÷åñêîé ìîäåëè òåëåñêîïè÷åñêîãî ìàíèïóëÿòîðà. Ìàíèïóëÿòîð ñîñòîèò èç òâåðäîãî òåëà

(íàïðàâëÿþùåé), êîòîðîå ïðåäñòàâëÿåò ñîáîé ïîëûé öèëèíäð, âíóòðè êîòîðîãî âäîëü îñè

öèëèíäðà ðàñïîëîæåí îäíîðîäíûé âàë ïîñòîÿííîãî êîëüöåâîãî ñå÷åíèÿ, íà êîíöå êîòîðîãî

ðàñïîëîæåí ñõâàò. Ðóêà ìàíèïóëÿòîðà ìîæåò ïåðåìåùàòüñÿ âäîëü îñè íàïðàâëÿþùåé. Âñÿ

ìåõàíè÷åñêàÿ ñèñòåìà ìîæåò ïîâîðà÷èâàòüñÿ âîêðóã îñè, ïðîõîäÿùåé ÷åðåç öåíòð ìàññ òâåð-

äîãî òåëà ïåðïåíäèêóëÿðíî îñè öèëèíäðà. Ìàíèïóëÿòîð èìååò äâå ñòåïåíè ñâîáîäû - ïîâî-

ðîò ìàíèïóëÿòîðà è ïåðåìåùåíèå ðóêè ñî ñõâàòîì. Ïîä äåéñòâèåì óïðàâëÿþùåãî ìîìåíòà è

âíåøíåé ñèëû ñèñòåìà ñîîòâåòñòâåííî ìîæåò ïîâîðà÷èâàòüñÿ è ïåðåìåùàòü ðóêó âäîëü ñâîåé

îñè. Ïðåäïîëàãàåòñÿ, ÷òî ðóêà îáëàäàåò óïðóãîé ïîäàòëèâîñòüþ. Óïðóãàÿ ïîäàòëèâîñòü ðó-

êè ìîäåëèðóåòñÿ óïðóãèì ñòåðæíåì â ðàìêàõ ìîäåëè Ýéëåðà-Áåðíóëè (ñì., íàïðèìåð, [1]).

Ìàòåìàòè÷åñêàÿ ìîäåëü èçó÷àåìîé ìåõàíè÷åñêîé ñèñòåìû ïðåäñòàâëÿåò ñîáîé ãèáðèäíóþ

ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé, ò.å. ñèñòåìó, ñîäåðæàùóþ êàê îáûêíîâåííóûå äèô-

ôåðåíöèàëüíûå óðàâíåíèÿ, òàê è óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè, ñâÿçü ìåæäó íèìè

îñóùåñòâëÿåòñÿ ÷åðåç èíòåãðàëüíûå îïåðàòîðû è ôóíêöèîíàëû. Èçó÷àþòñÿ çàäà÷è ïåðåâîäà

ðåøåíèé ìàòåìàòè÷åñêîé ìîäåëè èç íà÷àëüíîãî ôàçîâîãî ñîñòîÿíèÿ â êîíå÷íîå â çàäàííûé

ìîìåíò âðåìåíè, ìèíèìèçèðóÿ íåêîòîðûå ôóíêöèîíàëû îò óïðàâëåíèé è çàäà÷à áûñòðîäåé-

ñòâèÿ ïðè îãðàíè÷åíèè çíà÷åíèé ôóíêöèîíàëîâ îò óïðàâëåíèé.

Ìàíèïóëÿòîðû ïîäîáíîãî âèäà ÿâëÿþòñÿ ñîñòàâíûìè ÷àñòÿìè ñëîæíûõ ðîáîòîòåõíè÷å-

ñêèõ êîìïëåêñîâ, èñïîëüçóåìûõ â ðàçíûõ îáëàñòÿõ íàóêè, ïðîìûøëåííîñòè è îáîðîíû. Ðàç-

ðàáîòêà àëãîðèòìîâ îïòèìàëüíîãî óïðàâëåíèÿ ïîâåäåíèåì òàêèõ óñòðîéñòâ, ó÷èòûâàþùèõ

èõ óïðóãèå ñâîéñòâà, ÿâëÿåòñÿ âåñüìà àêòóàëüíîé çàäà÷åé. Ïîëó÷åííûå ðåçóëüòàòû ìîãóò

ïðåäñòàâëÿòü êàê íàó÷íûé èíòåðåñ, òàê è ïðàêòè÷åñêóþ çíà÷èìîñòü - ìîãóò áûòü èñïîëüçî-

âàíû ïðè ïðîåêòèðîâàíèè ðîáîòåõíè÷åñêèõ êîìïëåêñîâ.

Ðåøåíèþ çàäà÷ óïðàâëåíèÿ ìåõàíè÷åñêèìè ñèñòåìàìè, ñîäåðæàùèìè óïðóãèå ýëåìåí-

òû, ïîñâÿùåíà îáøèðíàÿ ëèòåðàòóðà. Îòìåòèì, âî-ïåðâûõ, ìîíîãðàôèþ ×åðíîóñüêî Ô.Ë.,

Áîëîòíèêà Í.Í., Ãðàäåöêîãî Â.Ã. [2], êîòîðàÿ ñîäåðæèò áîëüøîé áèáëèîãðàôè÷åñêèé îáçîð.

Â ìîíîãðàôèè íàðÿäó ñî ìíîãèìè äðóãèìè ðàññìîòðåíà òàêæå èçó÷àåìàÿ â äèññåðåðòàöèè

çàäà÷à óïðàâëåíèÿ òåëåñêîïè÷åñêèì ìàíèïóëÿòîðîì. Ïîêàçàíî ñóùåñòâîâàíèå ïðîãðàììíûõ

óïðàâëåíèé, ïåðåâîäÿùèõ ñèñòåìó èç îäíîãî ñîñòîÿíèÿ â äðóãîå, îäíàêî çàäà÷è îïòèìàëüíîãî

óïðàâëåíèÿ â ìîíîãðàôèè íå ðàñìàòðèâàëèñü. Áîëüøîå êîëè÷åñòâî ðàáîò ïîñâÿùåíî çàäà-
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÷àì óïðàâëåíèÿ ïîâåäåíèåì òâåðäîãî òåëà ñ óïðóãèì ñòåðæíåì. Òàêèå ñèñòåìó èçó÷àëèñü

â ðàáîòàõ Áåðáþêà Â.Å. [3�7], ãäå ðåøàþòñÿ ðàçëè÷íûå ïðîáëåìû äèíàìèêè è îïòèìèçà-

öèè óïðàâëÿåìûõ äèñêðåòíî-êîíòèíóàëüíûõ ñèñòåì, ìîäåëèðóþùèõ ðîáîòû, øàãàþùèå àï-

ïàðàòû, ìàíèïóëÿòîðû è äð. Â [8] ðàññìîòðåíà çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ïîâîðîòîì

äâóõ òâåðäûõ òåë ñâÿçàííûõ ìåæäó ñîáîé óïðóãèì ñòåðæíåì. Îñíîâíîé ìåòîä èññëåäîâà-

íèÿ, âîçíèêàþùèõ ïðè ýòîì äèñêðåòíî-ðàñïðåäåëåííûõ ñèñòåì � ýòî çàìåíà ðàñïðåäåëåííîé

ñîñòàâëÿþùåé êîíå÷íîìåðíîé ïî ìåòîäó Ãàë¼ðêèíà. Â êà÷åñòâå áàçèñíûõ ôóíêöèé áåðóòñÿ

áàëî÷íûå ôóíêöèè. Äëÿ êîíå÷íîìåðíîãî àíàëîãà ñòðîèòñÿ îïòèìàëüíîå óïðàâëåíèå, êîòîðîå

è áåðåòñÿ â êà÷åñòâå óïðàâëåíèÿ ðàñïðåäåëåííîé ñèñòåìîé. Â ðàáîòå Sakawa Y., Ito R., Fujii

N. [9], ãäå ðàññìàòðèâàåòñÿ çàäà÷à ïîâîðîòà ãèáêîé ðóêè ìàíèïóëÿòîðà ñ ïîëíûì ãàøåíèåì

ïîïåðå÷íîé âèáðàöèè â êîíöå ïðîöåññà óïðàâëåíèÿ, èñïîëüçóåòñÿ ìåòîä ïðèáëèæåíèé Ãàë¼ð-

êèíà. Ïðè èçó÷åíèè çàäà÷ óïðàâëåíèÿ ìåäëåííî âðàùàþùåéñÿ áàëêîé Òèìîøåíêî Krabs W.,

Sklyar G.M. [10] òàêæå èñïîëüçîâàëè ìåòîä Ãàëåðêèíà. Àâòîðû ïîêàçàëè, ÷òî ñóùåñòâóåò íå

áîëåå ÷åì ñ÷åòíàÿ ïîñëåäîâàòåëüíîñòü çíà÷åíèé ðàäèóñà äèñêà, ïðè êîòîðûõ áàëêà Òèìî-

øåíêî íå ÿâëÿåòñÿ óïðàâëÿåìîé (íå ñòàáèëèçèðóåìîé). Â ñòàòüÿõ Áåðáþêà Â.Å. è Äåìèäþêà

Ì.Â. [11, 12] çàäà÷è äèíàìèêè è îïòèìèçàöèè ìàíèïóëÿöèîííûõ ðîáîòîâ ñ ðàñïðåäåëåííû-

ìè ïàðàìåòðàìè ðåøàþòñÿ ìåòîäàìè, îñíîâàííûìè íà êîíöåïöèè îáðàòíûõ çàäà÷ äèíàìè-

êè. Ñõîäíóþ òåìàòèêó èìåþò ñîâìåñòíûå ðàáîòû Àêóëåíêî Ë.Ä. è Áîëîòíèêà Í.Í. [13�16].

Àñèìïòîòè÷åñêèå ìåòîäû ïîñòðîåíèÿ îïòèìàëüíûõ óïðàâëåíèé è èõ ïðèëîæåíèå ê ðåøåíèþ

ðàçëè÷íûõ çàäà÷ ìåõàíèêè ðàññìîòðåíû â ìîíîãðàôèè Àêóëåíêî Ë.Ä. [17].

Çíà÷èòåëüíîå êîëè÷åñòâî ðàáîò ïîñâÿùåíî èçó÷åíèþ äèíàìèêè è ïîñòðîåíèþ óïðàâëå-

íèé äëÿ ìåõàíè÷åñêîé ñèñòåìû, ñîñòîÿùåé èç òâåðäîãî òåëà ñ óïðóãèì ñòåðæíåì, ìîäåëèðó-

åìûì áàëêîé Òèìîøåíêî. Ýòî ðàáîòû Çåëèêèíà Ì.Í. [18], Gugat M. [19], Krabs W. [20, 21],

Leugering, G. [22,23].

Ãîâîðÿ îá óïðàâëåíèè ñèñòåìàìè ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè â îáùåì, íåëüçÿ

íå óïîìÿíóòü ìîíîãðàôèè Áóòêîâñêîãî À.Ã. [24�31], ãäå ïîëîæåíî íà÷àëî ñèñòåìíîìó èñ-

ïîëüçîâàíèþ ïðîáëåìû ìîìåíòîâ â ðåøåíèè çàäà÷ óïðàâëåíèÿ ðàñïðåäåëåííûìè ñèñòåìàìè.

Èññëåäîâàíèÿ Ëóðüå Ê.À. [32, 33] ñïîñîáñòâîâàëè øèðîêîìó ðàñïðîñòðàíåíèþ îïåðàòîðíîãî

ïîäõîäà â îáëàñòè çàäà÷ óïðàâëåíèÿ îáúåêòàìè ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè. Âîïðîñàì

î íåîáõîäèìûõ óñëîâèÿõ òèïà ïðèíöèïà ìàêñèìóìà Ïîíòðÿãèíà Ë.Ñ. â çàäà÷àõ îïòèìàëü-

íîãî óïðàâëåíèÿ â óðàâíåíèÿõ ñ ÷àñòíûìè ïðîèçâîäíûìè ïîñâÿùåíà åãî ìîíîãðàôèÿ [34].

Øèðîêèé êðóã çàäà÷ òåîðèè îïòèìàëüíîãî óïðàâëåíèÿ ñèñòåìàìè ñ ðàñïðåäåëåííûìè ïàðà-

ìåòðàìè îñâåùåí â ðàáîòàõ Ëèîíñà Æ.-Ë. [35, 36]. Â çàêëþ÷åíèå, íå ïðåòåíäóÿ íà ïîëíîòó

ïðèâåäåííîãî îáçîðà, îòìåòèì ðàáîòû Åãîðîâà À.È. [37,38], ãäå ðàññìàòðèâàþòñÿ êàê ñèñòå-
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ìû ñ ñîñðåäîòî÷åííûìè òàê è ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè, è Êðàñîâñêîãî Í.Í. [39�43],

ñäåëàâøåãî ôóíäàìåíòàëüíûé âêëàä â ñîçäàíèå òåîðèè óïðàâëåíèÿ è ðàçâèòèå òåîðèè äèô-

ôåðåíöèàëüíûõ èãð.

Öåëè è çàäà÷è ðàáîòû. Îñíîâíîé öåëüþ ðàáîòû ÿâëÿåòñÿ ðàçðàáîòêà è îáîñíîâàíèå

íîâîãî ìåòîäà ïîñòðîåíèÿ îïòèìàëüíûõ óïðàâëåíèé ïîâåäåíèåì ðåøåíèé ìàòåìàòè÷åñêîé

ìîäåëè òåëåñêîïè÷åñêîãî ìàíèïóëÿòîðà, ðóêà êîòîðîãî îáëàäàåò óïðóãîé ïîäàòëèâîñòüþ.

Ðàññìîòðåíû çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ ïåðåâîäà ðåøåíèÿ èç íà÷àëüíîãî ôàçîâîãî

ñîñòîÿíèÿ â êîíå÷íîå â çàäàííûé ìîìåíò âðåìåíè ñ ìèíèìóìîì íîðìû óïðàâëÿþùèõ ôóíê-

öèé â ïðîñòðàíñòâàõ L2 è L∞ è çàäà÷è áûñòðîäåéñòâèÿ ïðè îãðàíè÷åíèè íîðìû óïðàâëåíèÿ

ôóíêöèé â ýòèõ ïðîñòðàíñòâàõ.

Ìåòîäû èññëåäîâàíèÿ. Â äèññåðòàöèîííîé ðàáîòå â êà÷åñòâå ìåòîäà èññëåäîâàíèÿ

ñôîðìóëèðîâàííûõ â íà÷àëå ââåäåíèÿ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ èñïîëüçóåòñÿ ïîäõîä,

ïðåäëîæåííûé â ðàáîòàõ Êóáûøêèíà Å.Ï. [44�55]. Ïîäõîä îñíîâàí íà ñâåäåíèè çàäà÷ îïòè-

ìàëüíîãî óïðàâëåíèÿ ïîâåäåíèåì ðåøåíèé íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ ãèáðèäíûõ ñèñòåì

äèôôåðåíöèàëüíûõ óðàâíåíèé ê ïðîáëåìå ìîìåíòîâ â ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ. Äëÿ

ðåøåíèÿ ïðîáëåìû ìîìåíòîâ, êîòîðûå áûâàþò ÷àñòî íåëèíåéíûìè, ïðèâëåêàþòñÿ ëèáî àíà-

ëèòè÷åñêèå, ëèáî èòåðàöèîííûå ìåòîäû.

Íàó÷íàÿ íîâèçíà. Òåîðåòè÷åñêàÿ è ïðàêòè÷åñêàÿ çíà÷èìîñòü ðàáîòû. Â äèñ-

ñåðòàöèè ðàçðàáîòàí íîâûé ìåòîä ïîñòðîåíèÿ îïòèìàëüíûõ óïðàâëåíèé ïîâåäåíèåì ðåøåíèé

ìàòåìàòè÷åñêîé ìîäåëè òåëåñêîïè÷åñêîãî ìàíèïóëÿòîðà, ðóêà êîòîðîãî îáëàäàåò óïðóãîé ïî-

äàòëèâîñòüþ. Ìåòîä îñíîâàí íà ñâåäåíèè çàäà÷ óïðàâëåíèÿ ïîâåäåíèåì ðåøåíèé íà÷àëüíî-

êðàåâîé çàäà÷è äëÿ ãèáðèäíîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé, ÿâëÿþùåéñÿ ìàòå-

ìàòè÷åñêîé ìîäåëüþ ðàññìàòðèâàåìîé ìåõàíè÷åñêîé ñèñòåìû ê íåëèíåéíîé ïðîáëåìå ìî-

ìåíòîâ. Ðåøåíèå ïðîáëåìû ìîìåíòîâ îñóùåñòâëÿåòñÿ èòåðàöèîííûìè ìåòîäàìè. Óêàçàííûé

ïîäõîä ÿâëÿåòñÿ íîâûì è ìîæåò áûòü èñïîëüçîâàí ïðè ðåøåíèè äðóãèõ çàäà÷ îïòèìàëüíî-

ãî óïðàâëåíèÿ ìåõàíè÷åñêèìè ñèñòåìàìè, ñîäåðæàùèìè ðàñïðåäåëåííûå è ñîñðåäîòî÷åííûå

ýëåìåíòû, à òàêæå ïðè ïðîåêòèðîâàíèè ïîäîáíûõ ñèñòåì.

Ïîëîæåíèÿ, âûíîñèìûå íà çàùèòó.

1. Ðàçðàáîòàí àëãîðèòì ïîñòðîåíèÿ îïòèìàëüíîãî óïðàâëåíèÿ ïîâåäåíèåì ðåøåíèé ìà-

òåìàòè÷åñêîé ìîäåëè ïîâîðîòà òâåðäîãî òåëà ñ óïðóãèì ñòåðæíåì èç íà÷àëüíîãî ïîëîæåíèå

â êîíå÷íîå â çàäàííûé ìîìåíò âðåìåíè ñ ìèíèìèçàöèåé íîðìû óïðàâëÿþùåé ôóíêöèè â

ïðîñòðàíñòâå L∞.

2. Ðàçðàáîòàí àëãîðèòì ðåøåíèÿ çàäà÷è áûñòðîäåéñòâèÿ ïîâîðîòà ìåõàíè÷åñêîé ñèñòå-

ìû, ñîñòîÿùåé èç òâåðäîãî òåëà ñ óïðóãèì ñòåðæíåì ïðè îãðàíè÷åíèè íîðìû óïðàâëÿþùåé
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ôóíêöèè â ïðîñòðàíñòâå L∞.

3. Ðàçðàáîòàí àëãîðèòì ïîñòðîåíèÿ îïòèìàëüíîãî óïðàâëåíèÿ ïîâåäåíèåì ðåøåíèÿ ìà-

òåìàòè÷åñêîé ìîäåëè òåëåñêîïè÷åñêîãî ìàíèïóëÿòîðà èç íà÷àëüíîãî ôàçîâîãî ñîñòîÿíèÿ â

êîíå÷íîå â çàäàííûé ìîìåíò âðåìåíè ñ ìèíèìóìîì íîðì óïðàâëÿþùèõ ôóíêöèé â ïðîñòðàí-

ñòâå L2.

4. Äëÿ ìàòåìàòè÷åñêîé ìîäåëè òåëåñêîïè÷åñêîãî ìàíèïóëÿòîðà ðàçðàáîòàí àëãîðèòì

ïîñòðîåíèÿ îïòèìàëüíîãî óïðàâëåíèÿ â çàäà÷å áûñòðîäåéñòâèÿ ïðè îãðàíè÷åíèè íîðì óïðàâ-

ëÿþùèõ ôóíêöèé â ïðîñòðàíñòâå L2.

5. Ðàçðàáîòàí àëãîðèòì ïîñòðîåíèÿ îïòèìàëüíîãî óïðàâëåíèÿ ïîâåäåíèåì ðåøåíèÿ ìà-

òåìàòè÷åñêîé ìîäåëè òåëåñêîïè÷åñêîãî ìàíèïóëÿòîðà èç íà÷àëüíîãî ôàçîâîãî ñîñòîÿíèÿ â

êîíå÷íîå â çàäàííûé ìîìåíò âðåìåíè ñ ìèíèìóìîì íîðì óïðàâëÿþùèõ ôóíêöèé â ïðîñòðàí-

ñòâå L∞.

6. Äëÿ ìàòåìàòè÷åñêîé ìîäåëè òåëåñêîïè÷åñêîãî ìàíèïóëÿòîðà ðàçðàáîòàí àëãîðèòì

ïîñòðîåíèÿ îïòèìàëüíîãî óïðàâëåíèÿ â çàäà÷å áûñòðîäåéñòâèÿ ïðè îãðàíè÷åíèè íîðì óïðàâ-

ëÿþùèõ ôóíêöèé â ïðîñòðàíñòâå L∞.

Àïðîáàöèÿ ðåçóëüòàòîâ. Ðåçóëüòàòû äèññåðòàöèè îïóëèêîâàíû â ðàáîòàõ àâòîðà [56�

62, 64, 65]. Äëÿ ïîñòðîåíèÿ îïòèìàëüíûõ óïðàâëåíèé ðàçðàáîòàí ïðîãðàììíûé êîìïëåêñ,

ïðîøåäøèé ãîñóäàðòñâåííóþ ðåãèñòðàöèþ ïðîãðàììû äëÿ ÝÂÌ [65] (ñì. ïðèëîæ. 1, 2). Ðå-

çóëüòàòû äîêëàäûâàëèñü íà Âîðîíåæñêîé çèìíåé ìàòåìàòè÷åñêîé øêîëû �Ñîâðåìåííûå ìå-

òîäû òåîðèè ôóíêöèé è ñìåæíûå ïðîáëåìû� (Âîðîíåæ, 2013), ìåæäóíàðîäíîé êîíôåðåíöèè

�Íåëèíåéíàÿ äèíàìèêà è åå ïðèëîæåíèÿ�, ïîñâÿù. ñòîëåòèþ ñî äíÿ ðîæäåíèÿ Ïîëÿ Ïåí-

ëåâå (1863-1933) (ßðîñëàâëü, 2013), II Ìåæäóíàðîäíîé ìîëîäåæíîé íàó÷íî-ïðàêòè÷åñêîé

êîíôåðåíöèè (ßðîñëàâëü, 2014), International Conference �Nonlinear Methods in Physics and

Mechanics� (Munich, Germany, 2014), III Ìåæäóíàðîäíîé ìîëîäåæíîé íàó÷íî-ïðàêòè÷åñêîé

êîíôåðåíöèè (ßðîñëàâëü, 2015), Ìåæäóíàðîäíàÿ íàó÷íàÿ êîíôåðåíöèÿ "Íåëèíåéíûå ìåòî-

äû â ôèçèêå è ìåõàíèêå"(ßðîñëàâëü, 2015).

Îñòàíîâèìñÿ êðàòêî íà ñîäåðæàíèè äèññåðòàöèè. Â ïåðâîé ãëàâå ðàáîòû äàåòñÿ îïèñà-

íèå ðàññìàòðèâàåìîé ìåõàíè÷åñêîé ñèñòåìû (òåëåñêîïè÷åñêîãî ìàíèïóëÿòîðà), ñôîðìóëè-

ðîâàíû ãèïîòåçû, â ðàìêàõ êîòîðûõ ðàññìàòðèâàþòñÿ äâèæåíèÿ ñèñòåìû, ïðèâåäåí âûâîä

óðàâíåíèé äâèæåíèÿ, îñóùåñòâëåí ïåðåõîä ê áåçðàçìåðíûì ïåðåìåííûì. Ðåçóëüòàòîì ÿâëÿ-

åòñÿ ñëåäóþùàÿ ìàòåìàòè÷åñêàÿ ìîäåëü ðàññìàòðèâàåìîé ñèñòåìû, ïðåäñòàâëÿþùàÿ ñîáîé

íà÷àëüíî-êðàåâóþ çàäà÷ó âèäà

J(l)θ̈ −
∫ l

0

(b+ l − x)utt(x, t)dx+ 2l̇θ̇(b+ l − 1

2
) = M(t), (0.1)
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l̈ − θ̇2(b+ l − 1

2
) = F (t), (0.2)

utt + uxxxx = θ̈(b+ l − x) + 2θ̇l̇, (0.3)

uxx(0, t) = uxxx(0, t) = 0, ux(l, t) = u(l, t) = 0, (0.4)

θ(0) = θ0, θ̇(0) = θ̇0, l(0) = l0, l̇(0) = l̇0, u(x, 0) = u0(x), ut(x, 0) = u̇0(x), (0.5)

J(l) = J + 1/3 + (b+ l)(b+ l − 1),

îòíîñèòåëüíî ôóíêöèé θ(t), l(t), u(x, t) â îáëàñòè QlT = {0 ≤ x ≤ l, 0 ≤ t ≤ T} ñ ïåðåìåííîé

ãðàíèöåé l(t) > 0. Â (0.1)-(0.2) ôóíêöèèM(t) è F (t) õàðàêòåðèçèðóþò ñîîòâåòñòâåííî óïðàâ-

ëÿþùèé ìîìåíò âíåøíåé ñèëû, îñóùåñòâëÿþùèé ïîâîðîò ñèñòåìû è ñèëó, ïðèëîæåííóþ ê

ðóêå ìàíèïóëÿòîðà è âûçûâàþùóþ åå ïåðåìåùåíèå.

Îáîçíà÷èì, êàê îáû÷íî, L2(0, T ) - ïðîñòðàíñòâî âåùåñòâåííûõ ôóíêöèé, äëÿ êîòîðûõ

èíòåãðàë ïî Ëåáåãó ‖u‖L2(0,T ) =

(
T∫
0

u2dt

)1/2

< ∞, L∞(0, T ) - ïîäïðîñòðàíñòâî ôóíêöèé èç

L2(0, T ), äëÿ êîòîðûõ ‖u‖L∞(0,T ) = vrai sup
t
|u(t)| <∞.

Äëÿ íà÷àëüíî-êðàåâîé çàäà÷è (0.1)-(0.5) ôîðìóëèðóþòñÿ ñëåäóþùèå çàäà÷è îïòèìàëü-

íîãî óïðàâëåíèÿ.

Çàäà÷à 1.1Îïðåäåëèòü ôóíêöèè F (t),M(t) ∈ L2(0, T ), ïåðåâîäÿùèå ðåøåíèå íà÷àëüíî-

êðàåâîé çàäà÷è (0.1)-(0.5) èç íà÷àëüíîãî ñîñòîÿíèÿ (0.5) â êîíå÷íîå

θ(T ) = θT , θ̇(T ) = θ̇T , l(T ) = lT , l̇(T ) = l̇T , u(x, T ) = uT (x), u̇t(x, T ) = u̇T (x), (0.6)

â çàäàííûé ìîìåíò âðåìåíè T è ìèíèìèçèðóþþùèå ôóíêöèîíàë

Φ1(F,M) = ‖F (t)‖2L2(0,T )
+ ‖M(t)‖2L2(0,T )

.

Çàäà÷à 1.2 (Çàäà÷à áûñòðîäåéñòâèÿ). Îïðåäåëèòü ôóíêöèè F (t), M(t) ∈ L2(0, T ),

ïåðåâîäÿùèå ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è (0.1)-(0.4) èç íà÷àëüíîãî ñîñòîÿíèÿ (0.4) â

êîíå÷íîå (0.5) çà ìèíèìàëüíîå âðåìÿ Ò ïðè óñëîâèè ‖Φ1(F,M)‖ ≤ L1 <∞.

Çàäà÷à 1.3.Îïðåäåëèòü ôóíêöèè F (t),M(t) ∈ L∞(0, T ), ïåðåâîäÿùèå ðåøåíèå íà÷àëüíî-

êðàåâîé çàäà÷è (0.1)-(0.5) èç íà÷àëüíîãî ïîëîæåíèÿ (0.5) â êîíå÷íîå (0.6), ìèíèìèçèðóÿ

ôóíêöèîíàë

Φ2(F,M) = ‖F (t)‖L∞(0,T ) + ‖M(t)‖L∞(0,T )

Çàäà÷à 1.4. (Çàäà÷à áûñòðîäåéñòâèÿ). Îïðåäåëèòü ôóíêöèè F (t), M(t) ∈ L∞(0, T ),

ïåðåâîäÿùèå ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è (0.1)-(0.5) èç íà÷àëüíîãî ñîñòîÿíèÿ (0.5) â

êîíå÷íîå (0.6) çà ìèíèìàëüíîå âðåìÿ Ò ïðè óñëîâèè Φ2(F,M) ≤ L2 <∞.
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Âî âòîðîé ãëàâå ðàññìàòðèâàåòñÿ çàäà÷à ïîâîðîòà ìàíèïóëÿòîðà, ò.å. ïðåäïîëàãàåò-

ñÿ, ÷òî l(t) ≡ l0 = const. Â ýòîì ñëó÷àå èç íà÷àëüíî-êðàåâîé çàäà÷è (0.1)-(0.5) âûïàäàåò

óðàâíåíèe (0.2). Äëÿ òàêîé íà÷àëüíî-êðàåâîé çàäà÷è â ïðåäïîëîæåíèè M(t) ∈ L2(0, T ) è

M(t) ∈ L∞(0, T ) ñôîðìóëèðîâàíî ïîíÿòèå ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è, îïðåäåëåíû

ôóíêöèîíàëüíûå ïðîñòðàíñòâà äëÿ u0(x) è u̇0(x), äîêàçàíà ðàçðåøèìîñòü íà÷àëüíî-êðàåâîé

çàäà÷è, åäèíñòâåííîñòü ðåøåíèÿ è íåïðåðûâíàÿ çàâèñèìîñòü îò íà÷àëüíûõ óñëîâèé. Ðåøåíû

çàäà÷è 1.1-1.4 ïîñòðîåíèÿ îïòèìàëüíûõ óïðàâëåíèé ïîâåäåíèåì ðåøåíèé. Äëÿ ýòîãî èñïîëü-

çóåòñÿ ñâåäåíèå çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ ê ïðîáëåìå ìîìåíòîâ â ñîîòâåòñòâóþùèõ

ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ. Ñôîðìóëèðîâàí è äîêàçàí ïðèíöèï ìàêñèìóìà äëÿ ðàñ-

ñìàòðèâàåìûõ çàäà÷ óïðàâëåíèÿ. Íà êîíêðåòíûõ ïðèìåðàõ ïðîäåìîíñòðèðîâàíî ïðèìåíåíèå

èçëîæåííûõ ìåòîäîâ.

Â òðåòüåé ãëàâå èçó÷àåòñÿ ñèñòåìà (0.1)-(0.5) â ïðåäïîëîæåíèè, ÷òî l(t) - èçâåñòíàÿ

ôóíêöèÿ. Â ýòîì ñëó÷àå òàêæå óðàâíåíèå (0.2) âûïàäàåò èç ðàññìàòðèâàåìîé íà÷àëüíî-

êðàåâîé çàäà÷è. Êðàåâàÿ çàäà÷à ðàññìàòðèâàåòñÿ â îáëàñòè ñ çàäàííîé ïåðåìåííîé ãðàíèöåé.

Äëÿ òàêîé íà÷àëüíî-êðàåâîé çàäà÷è ñôîðìóëèðîâàíî ïîíÿòèå ðåøåíèÿ, äîêàçàíû ñóùåñòâî-

âàíèå è åäèíñòâåííîñòü ðåøåíèÿ, à òàêæå íåïðåðûâíàÿ çàâèñèìîñòü ðåøåíèÿ îò íà÷àëüíûõ

óñëîâèé. Çàäà÷è óïðàâëåíèÿ äëÿ ðàññìàòðèâàåìîé çàäà÷è ñâîäÿòñÿ ê ïðîáëåìå ìîìåíòîâ,

êîòîðûå ðåøàþòñÿ ðàññìîòðåííûìè âî âòîðîé ãëàâå ìåòîäàìè.

Â çàêëþ÷èòåëüíîé ãëàâå ðàññìàòðèâàåòñÿ ðåøåíèå çàäà÷ 1.1-1.4 äëÿ íà÷àëüíî-êðàåâîé

çàäà÷è (0.1)-(0.5). Ðåçóëüòàòû ãëàâ 2, 3 ïîçâîëÿþò ñâåñòè ðàññìîòðåíèå çàäà÷ óïðàâëåíèÿ

ê íåëèíåéíîé ïðîáëåìå ìîìåíòîâ â íåêîòîðûõ ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ. Óêàçàííàÿ

ïðîáëåìà ìîìåíòîâ ðåøàåòñÿ èòåðàöèîííûì ïðîöåññîì. Ïîêàçàíû ñõîäèìîñòü ñîîòâåíñòâó-

þùèõ èòåðàöèé. Ïðèìåíåíèå óêàçàííûõ ìåòîäîâ äåìîíñòðèðóåòñÿ íà êîíêðåòíûõ ïðèìåðàõ.

Äèññåðòàöèÿ âûïîëíåíà ïðè ïîääåðæêå ïðîåêòà � 984 ¾Ìåòîäû èññëåäîâàíèÿ äèíàìèêè

ñèíãóëÿðíî âîçìóùåííûõ áåñêîíå÷íîìåðíûõ ñèñòåì¿ â ðàìêàõ áàçîâîé ÷àñòè ãîñóäàðñòâåí-

íîãî çàäàíèÿ íà ÍÈÐ ßðÃÓ.
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1. Ïîñòðîåíèå ìàòåìàòè÷åñêîé ìîäåëè. Ìàòåìàòè÷åñêàÿ ïî-

ñòàíîâêà èçó÷àåìûõ çàäà÷

1.1. Óðàâíåíèÿ äâèæåíèÿ òåëåñêîïè÷åñêîãî ìàíèïóëÿòîðà

Ðàññìàòðèâàåòñÿ ìåõàíè÷åñêàÿ ñèñòåìà (òåëåñêîïè÷åñêèé ìàíèïóëÿòîð), ñîñòîÿùàÿ èç

òâåðäîãî òåëà (íàïðàâëÿþùåé), êîòîðîå ïðåäñòàâëÿåò ñîáîé ïîëûé öèëèíäð (îäíîðîäíûé,

ïîñòîÿííîãî êîëüöåâîãî ñå÷åíèÿ), âíóòðè êîòîðîãî âäîëü îñè öèëèíäðà ðàñïîëîæåí îäíîðîä-

íûé âàë ïîñòîÿííîãî êîëüöåâîãî ñå÷åíèÿ (ðóêà ìàíèïóëÿòîðà), íà êîíöå êîòîðîãî íàõîäèòñÿ

ñõâàò (ðèñ. 1.1).

Ðèñ. 1.1. Ìàòåìàòè÷åñêàÿ ìîäåëü òåëåñêîïè÷åñêîãî ìàíèïóëÿòîðà

Ðóêà ìàíèïóëÿòîðà ìîæåò áåç òðåíèÿ ïåðåìåùàòüñÿ âäîëü îñè íàïðàâëÿþùåé. Âñÿ ìå-

õàíè÷åñêàÿ ñèñòåìà ìîæåò ïîâîðà÷èâàòüñÿ âîêðóã îñè, ïðîõîäÿùåé ÷åðåç öåíòð ìàññ íà-

ïðàâëÿþùåé ïåðïåíäèêóëÿðíî îñè öèëèíäðà. Òàêèì îáðàçîì òåëåñêîïè÷åñêèé ìàíèïóëÿòîð

èìååò äâå ìåõàíè÷åñêèõ ñòåïåíè ñâîáîäû â ïëîñêîñòè âðàùåíèÿ - ïîâîðîò ìàíèïóëÿòîðà è

ïåðåìåùåíèå ðóêè ñî ñõâàòîì.
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Ââåäåì ïðàâûå ïðÿìîóãîëüíûå ñèñòåìû êîîðäèíàò O1X1Y1Z1, ñâÿçàííóþ ñ èíåðöèàëü-

íûì ïðîñòðàíñòâîì, öåíòð êîòîðîé íàõîäèòñÿ â öåíòðå ìàññ òâåðäîãî òåëà, à îñü OZ ñîâ-

ïàäàåò ñ îñüþ âðàùåíèÿ ñèñòåìû, è O1X2Y2Z2, ñâÿçàííóþ ñ íàïðàâëÿþùåé ìàíèïóëÿòîðà è

ðàñïîëîæåííóþ òàêèì îáðàçîì, ÷òîáû îñè O1Z2 è O1Z1 ñîâïàäàëè, à îñü O1X2 ïðîõîäèëà

÷åðåç îñü íàïðàâëÿþùåé è íåäåôîðìèðîâàííîé ðóêè ìàíèïóëÿòîðà. Ââåäåì åùå îäíó ïî-

äâèæíóþ ñèñòåìó êîîðäèíàò OXY Z ñ íà÷àëîì â òî÷êå O, ñîîòâåòñòâóþùåé òî÷êå ñõâàòà

íåäåôîðìèðîâàííîé ðóêè ìàíèïóëÿòîðà. Îñü OZ íàïðàâèì ïàðàëëåëüíî îñè O1Z1, îñü OX

âäîëü íåäåôîðìèðîâàííîé îñè ðóêè â íàïðàâëåíèè îñè âðàùåíèÿ O1X2.

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ: b - ðàññòîÿíèå îò îñè âðàùåíèÿ OZ äî êðîìêè íàïðàâ-

ëÿþùåé; L - ïîëíàÿ äëèíà ðóêè; ~u(x, t) - âåêòîð óïðóãîãî ñìåùåíèÿ ðóêè â ïëîñêîñòè OXY

â òî÷êå ñ êîîðäèíàòîé x â ìîìåíò âðåìåíè t; ~R(x, t) - ðàäèóñ-âåêòîð òî÷êè ðóêè ñ êîîð-

äèíàòîé x â ìîìåíò âðåìåíè t îòíîñèòåëüíî òî÷êè O1; ρ - ëèíåéíàÿ ïëîòíîñòü ìàòåðèàëà

ðóêè; S - ïëîùàäü ïîïåðå÷íîãî ñå÷åíèÿ; EI - æåñòêîñòü ñå÷åíèÿ ðóêè; J - ìîìåíò èíåðöèè

íàïðàâëÿþùåé îòíîñèòåëüíî îñè OZ; ~ω - óãëîâàÿ ñêîðîñòü âðàùåíèÿ ñèñòåìû îòíîñèòåëüíî

èíåðöèàëüíîãî ïðîñòðàíñòâà (óãîë ìåæäó îñÿìè O1X1 è O1X2) â ìîìåíò âðåìåíè t; l(t) -

ðàáî÷àÿ äëèíà ðóêè â ìîìåíò âðåìåíè t.

Òàêèì îáðàçîì, ïîëîæåíèå ðàññìàòðèâàåìîé ìåõàíè÷åñêîé ñèñòåìû ìîæåò áûòü îõàðà-

êåòðèçîâàíî ñëåäóþùèìè âåëè÷èíàìè: θ(t), l(t) è ~u(x, t). Óïðóãèå äåôîðìàöèè ðóêè áóäåì

ðàññìàòðèâàòü â ðàìêàõ ãèïîòåç Ýéëåðà-Áåðíóëè ìàëîãî èçãèáà ïðÿìîëèíåéíûõ ñòåðæíåé,

ò.å. ñå÷åíèÿ ðóêè ïðè èçãèáå îñòàþòñÿ ïëîñêèìè, ñìåùåíèÿ òî÷åê ðóêè ïðîèñõîäÿò â íà-

ïðàâëåíèè îñè OY , äåôîðìàöèè ëèíåéíûì îáðàçîì çàâèñÿò îò ñìåùåíèé. Â ñîîòâåòñòâèè ñ

ýòèì â ñèñòåìå êîîðäèíàò OXY Z âåêòîðû ~u(x, t), ~R(x, t), ~ω èìåþò ñëåäóþùåå êîîðäèíàòíîå

ïðåäñòàâëåíèå:

~u(x, t) =


0

u(x, t)

0

 , ~R(x, t) =


x− b− l

u(x, t)

0

 , ~ω =


0

0

θ̇

 .

ãäå u(x, t) - âåëè÷èíà ñìåùåíèÿ òî÷åê ðóêè â íàïðàâëåíèè îñè OY .

Êèíåòè÷åñêàÿ ýíåðãèÿ è ïîòåíöèàëüíàÿ ýíåðãèÿ äåôîðìàöèè ðàññìàòðèâàåìîé ìåõàíè-
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÷åñêîé ñèñòåìû ñîîòâåòñòâåííî ðàâíû

T (θ̇, l̇, ut, l, u) =
Jθ̇2

2
+

1

2
ρS

L∫
0

(
~Rt + ~ω × ~R, ~Rt + ω × ~R

)
dx =

=
1

2

J + ρS

 l∫
0

u2(x, t)dx+

L∫
0

(b+ l − x)2dx

 θ̇2 +
ρSL

2
l̇2+

+ρSθ̇

l̇ l∫
0

u(x, t)dx−
l∫

0

(b+ l − x)ut(x, t)dx

+
1

2
ρS

l∫
0

u2t (x, t)dx, (1.1)

U(uxx) =
1

2
EI

l∫
0

u2xx(x, t)dx. (1.2)

Ôóíêöèÿ Ëàíãàðæà ðàññìàòðèâàåìîé ìåõàíè÷åñêîé ñèñòåìû áóäåò èìåòü âèä

L(θ, l, u, θ̇, l̇, ut) = T (θ̇, l̇, ut, l, u)− U(uxx). (1.3)

Îáîçíà÷èì ÷åðåç M(t) - ìîìåíò âíåøíèõ ñèë óïðàâëåíèÿ, ïðèëîæåííûé ê îñè O1Z,

÷åðåç F (t) âíåøíþþ óïðàâëÿþùóþ ñèëó, ïðèëîæåííóþ ê ðóêå âäîëü îñè íàïðàâëÿþùåé.

Óðàâíåíèÿ äâèæåíèÿ ðàññìàòðèâàåìîé ñèñòåìû ïîëó÷èì èç ïðèíöèïà Ãàìèëüòîíà (ñì.,

íàïðèìåð [67]), ñîãëàñíî êîòîðîìó

δ

t2∫
t1

L(θ, l, u, θ̇, l̇, ut)dt+

t2∫
t1

M(t)δθ(t)dt+

t2∫
t1

F (t)δl(t)dt = 0, (1.4)

ãäå âàðèàöèè δθ(t), δl(t), δu(x, t) - ãëàäêèå ôóíêöèè, óäîâëåòâîðÿþùèå óñëîâèÿì

δθ(t1) = δθ(t2) = 0, δl(t1) = δl(t2) = 0, δu(x, t1) = δu(x, t2) = 0, (1.5)

δuxx(0, t) = δuxxx(0, t) = 0, δu(l, t) = δux(l, t) = 0. (1.6)

Â ñîîòâåòñòâèè ñ (1.3) - (1.6) èìååì

t2∫
t1

((
− ∂

∂t

∂L

∂θ̇
+M(t)

)
δθ(t) +

(
− ∂

∂t

∂L

∂l̇
+
∂L

∂l
+ F (t)

)
δl(t)+

+

(
− ∂

∂t

∂L

∂ut
+
∂L

∂u
+

∂2

∂x2
∂L

∂uxx

)
δu(x, t)

)
dt = 0 (1.7)

Â ñèëó ïðîèçâîëüíîñòè δθ(t), δl(t), δu(x, t) âûðàæåíèÿ â (1.7), ñòîÿùèå â ñêîáêàõ ïðè

ýòèõ âåëè÷èíàõ äîëæíû áûòü ðàâíû íóëþ. Îíè è îïðåäåëÿþò óðàâíåíèÿ äâèæåíèÿ ðàñ-

ñìàòðèâàåìîé ñèñòåìû. Çàïèøåì èõ ñ ó÷åòîì âèäà (1.1)-(1.2), à òàêæå êðàåâûõ óñëîâèé äëÿ

ôóíêöèè u(x, t)

EIuxx(0, t) = EIuxxx(0, t) = 0, u(l, t) = ux(l, t) = 0, (1.8)
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ïåðâûå èç êîòîðûõ â (1.8) îçíà÷àåò îòñóòñòâèå íà êîíöå ðóêè èçãèáàþùåãî ìîìåíòà è ïåðå-

ðåçàþùåé ñèëû, âòîðûå - æåñòêîå çàêðåïëåíèå â òî÷êå x = l.

Â ðåçóëüòàòå áóäåì èìåòü ñëåäóþùèå óðàâíåíèÿ äâèæåíèÿ

{J + ρS[

L∫
0

(b+ l − x)2dx+

l∫
0

u2(x, t)dx]}θ̈ + ρS{2[

L∫
0

(b+ l − x)dx · l̇ +

l∫
0

u(x, t)ut(x, t)dx]θ̇+

+

l∫
0

u(x, t)dxl̈ −
l∫

0

(b+ l − x)utt(x, t)dx} = M(t), (1.9)

ρS[Ll̈ +

l∫
0

u(x, t)dx θ̈ + 2

l∫
0

ut(x, t)dx θ̇ −
L∫

0

(b+ l − x)dx θ̇2 +
1

2
EIu2xx(l, t)] = F (t), (1.10)

ρS[utt − (b+ l − x)θ̈ − 2θ̇l̇ − uθ2] + EIuxxxx = 0. (1.11)

Îòìåòèì, ÷òî ïðè âûâîäå óðàâíåíèÿ (1.11) èñïîëüçîâàëîñü ðàâåíñòâî

l∫
0

(b+ l − x)δut(x, t)dx = [

l∫
0

(b+ l − x)δu(x, t)dx]t − l̇
l∫

0

δut(x, t)dx.

Â (1.9)-(1.11) ïåðåéäåì ê áåçðàçìåðíûì ïåðåìåííûì, ïîëîæèâ

x′ = x/L, u′(x′, t) = u(x, t)/L, l′ = l/L, b′ = b/L, t′ = tt0, t
2
0 = EI/(ρS · l4),

M ′(t) = M(t)L/(EI), F ′(t) = F (t) · L2/(EI), J ′ = J/(ρSL3).

Îïóñòèâ òåïåðü âåçäå øòðèõ, ïîëó÷èì ñèñòåìó óðàâíåíèé â áåçðàçìåðíûõ ïåðåìåííûõ

[J +

1∫
0

(b+ l − x)2dx+

l∫
0

u2(x, t)dx]θ̈ + 2[

1∫
0

(b+ l − x)dx · l̇ +

∫ l

0

u(x, t)ut(x, t)dx]θ̇+

+

∫ l

0

u(x, t)dxl̈ −
l∫

0

(b+ l − x)utt(x, t)dx = M(t), (1.12)

l̈ +

l∫
0

u(x, t)dxθ̈ + 2

l∫
0

ut(x, t)dx θ̇ −
1∫

0

(b+ l − x)dx θ̇2 +
1

2
u2xx(l, t) = F (t), (1.13)

utt + uxxxx = θ̈(b+ l − x) + 2θ̇l̇ + uθ̇2, (1.14)

uxx(0, t) = uxxx(0, t) = 0, u(l, t) = ux(l, t) = 0 (1.15)

è íà÷àëüíûìè óñëîâèÿìè

θ(0) = θ0, θ̇(0) = θ̇0, l(0) = l0, l̇(0) = l̇0, u(x, 0) = u0(x), u̇t(x, 0) = u̇0(x). (1.16)
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Ïî àíàëîãèè ñ [2], ó÷èòûâàÿ ñîîòíîøåíèÿ ïîðÿäêîâ âåëè÷èí, âõîäÿùèõ â (1.12)-(1.14),

óðàâíåíèÿ, çàïèñàííûå â áåçðàçìåðíûõ ïåðåìåííûõ, íåêîòîðûå ñëàãàåìûå ìîæíî îïóñòèòü.

Â òåîðèè ìàëûõ êîëåáàíèé ïðÿìîëèíåéíûõ ñòåðæíåé [68] ñìåùåíèÿ, èõ ïåðâûå è âòîðûå

ïðîèçâîäíûå ïî ïðîñòðàíñòâåííîé ïåðåìåííîé, ïåðâûå ïðîèçâîäíûå ïî âðåìåíè ÿâëÿþòñÿ

ìàëûìè âåëè÷èíàìè îäíîãî ïîðÿäêà, ò.å.

u ∼ ux ∼ uxx ∼ ut ∼ ε� 1.

Ïðåäïîëîæèì, ÷òî óãîë ïîâîðîòà ñèñòåìû θ∗ ∼ 1. Òîãäà â ñèëó (1.9) M(t) ∼ ε. Ýòî

îçíà÷àåò, ÷òî íà óãîë θ∗ ñèñòåìà ïîâåðíåòñÿ çà âðåìÿ T ∼ ε−1/2, à óãëîâàÿ ñêîðîñòü ïðè ýòîì

áóäåò θ̇(t) ∼ ε1/2, ò.å. óãëîâàÿ ñêîðîñòü ìàëà ïî ñðàâíåíèþ ñ ïåðâîé ñîáñòâåííîé ÷àñòîòîé

êîëåáàíèé óïðóãîé ðóêè. Àíàëîãè÷íûå ïîðÿäêè ñïðàâåäëèâû è äëÿ l(t) è l̇(t). Ñ ó÷åòîì

ýòîãî, îñòàâèì â óðàâíåíèÿ (1.12)-(1.14) ëèøü âåëè÷èíû, èìåþùèå ïîðÿäîê ε. Â ðåçóëüòàòå

ïîëó÷èì ñëåäóþùóþ íà÷àëüíî-êðàåâóþ çàäà÷ó

J(l)θ̈ −
∫ l

0

(b+ l − x)utt(x, t)dx+ 2l̇θ̇(b+ l − 1

2
) = M(t), (1.17)

l̈ − θ̇2(b+ l − 1

2
) = F (t), (1.18)

utt + uxxxx = θ̈(b+ l − x) + 2θ̇l̇, (1.19)

uxx(0, t) = uxxx(0, t) = 0, ux(l, t) = u(l, t) = 0, (1.20)

θ(0) = θ0, θ̇(0) = θ̇0, l(0) = l0, l̇(0) = l̇0, u(x, 0) = u0(x), ut(x, 0) = u̇0(x), (1.21)

J(l) = J + 1/3 + (b+ l)(b+ l − 1),

çàïèñàííóþ â áåçðàçìåðíûõ ïåðåìåííûõ è ÿâëÿþùóþñÿ ìàòåìàòè÷åñêîé ìîäåëüþ ðàññìàò-

ðèâàåìîé ìåõàíè÷åñêîé ñèñòåìû â ðàìêàõ ïðèíÿòûõ ãèïîòåç.

1.2. Ìàòåìàòè÷åñêàÿ ïîñòàíîâêà çàäà÷ óïðàâëåíèÿ.

Ñôîðìóëèðóåì ïîñòàíîâêó çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ, ðåøàåìûõ íèæå.

Â äàëüíåéøåì L1(0, T ) - ïðîñòðàíñòâî îïðåäåëåííûõ íà [0, T ] âåùåñòâåííîçíà÷íûõ ôóíê-

öèé u(t), äëÿ êîòîðûõ èíòåãðàë ïî Ëåáåãó ‖u‖L1(0,T ) =
T∫
0

|u(t)|dt <∞, L2(0, T ) - ïîäïðîñòðàí-

ñòâî ôóíêöèé L1(0, T ), äëÿ êîòîðûõ ‖u‖L2(0,T ) =

(
T∫
0

u2(t)dt

)1/2

< ∞; L∞(0, T ) - ïîäïðî-

ñòðàíñòâî L2(0, T ), äëÿ êîòîðûõ ‖u‖L∞(0,T ) = vrai sup
t
|u(t)| < ∞ (ñóùåñòâåííûé suprenum).

Îòìåòèì, ÷òî ïðîñòðàíñòâî L2(0, T ) ÿâëÿåòñÿ ãèëüáåðòîâûì ñî ñêàëÿðíûì ïðîèçâåäåíèåì

(u, v)L2(0,T ) =
T∫
0

u(t) · v(t)dt, u(t), v(t) ∈ L2(0, T ). W k
2 (0, T ) - ïðîñòðàíñòâî îïðåäåëåííûõ íà
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[0, T ] âåùåñòâåííîçíà÷íûõ ôóíêöèé u(t), èìåþùèõ íåïðåðûâíóþ ïî÷òè âñþäó ïåðåìåííóþ

k-ãî ïîðÿäêà â ïðîñòðàíñòâå L2(0, T ), ‖u‖Wk
2 (0,T ) =

k∑
j=0

‖u(j)‖L2(0,T ).

Äëÿ íà÷àëüíî-êðàåâîé çàäà÷è (1.17)-(1.21) ðåøàþòñÿ ñëåäóþùèå çàäà÷è îïòèìàëüíîãî

óïðàâëåíèÿ

Çàäà÷à 1.1Îïðåäåëèòü ôóíêöèè F (t),M(t) ∈ L2(0, T ), ïåðåâîäÿùèå ðåøåíèå íà÷àëüíî-

êðàåâîé çàäà÷è (1.17)-(1.21) èç íà÷àëüíîãî ñîñòîÿíèÿ (1.21) â êîíå÷íîå

θ(T ) = θT , θ̇(T ) = θ̇T , l(T ) = lT , l̇(T ) = l̇T , u(x, T ) = uT (x), u̇t(x, T ) = u̇T (x), (1.22)

â çàäàííûé ìîìåíò âðåìåíè T è ìèíèìèçèðóþùèå ôóíêöèîíàë

Φ1(F,M) = ‖F (t)‖2L2(0,T )
+ ‖M(t)‖2L2(0,T )

. (1.23)

Çàäà÷à 1.2 (Çàäà÷à áûñòðîäåéñòâèÿ). Îïðåäåëèòü ôóíêöèè F (t), M(t) ∈ L2(0, T ),

ïåðåâîäÿùèå ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è (1.17)-(1.21) èç íà÷àëüíîãî ñîñòîÿíèÿ (1.21)

â êîíå÷íîå (1.22) çà ìèíèìàëüíîå âðåìÿ Ò ïðè óñëîâèè ‖Φ1(F,M)‖ ≤ L1 <∞.

Çàäà÷à 1.3.Îïðåäåëèòü ôóíêöèè F (t),M(t) ∈ L∞(0, T ), ïåðåâîäÿùèå ðåøåíèå íà÷àëüíî-

êðàåâîé çàäà÷è (1.17)-(1.21) èç íà÷àëüíîãî ïîëîæåíèÿ (1.21) â êîíå÷íîå (1.22), ìèíèìèçèðóÿ

ôóíêöèîíàë

Φ2(F,M) = ‖F (t)‖L∞(0,T ) + ‖M(t)‖L∞(0,T ) (1.24)

Çàäà÷à 1.4. (Çàäà÷à áûñòðîäåéñòâèÿ). Îïðåäåëèòü ôóíêöèè F (t), M(t) ∈ L∞(0, T ),

ïåðåâîäÿùèå ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è (1.17)-(1.21) èç íà÷àëüíîãî ñîñòîÿíèÿ (1.21)

â êîíå÷íîå (1.22) çà ìèíèìàëüíîå âðåìÿ Ò ïðè óñëîâèè Φ2(F,M) ≤ L2 <∞.

Íèæå ôîðìóëèðóþòñÿ óñëîâèÿ íà ôóíêöèè u0(x), u̇0(x), uT (x), u̇T (x), îáåñïå÷èâàþùèå

ðàçðåøèìîñòü ðàññìàòðèâàåìûõ çàäà÷ è àëãîðèòìû ïîñòðîåíèÿ îïòèìàëüíûõ óïðàâëåíèé.
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2. Îïòèìàëüíîå óïðàâëåíèå ïîâåäåíèåì ðåøåíèé íà÷àëüíî-

êðàåâîé çàäà÷è (1.17)-(1.21) äëÿ ñëó÷àÿ l(t) = l0 = const.

2.1. Ïîñòàíîâêà çàäà÷è. Ïîñòðîåíèå ðåøåíèÿ.

Ðàññìîòðèì ñíà÷àëà ñëó÷àé l(t) = l0 = const, ò. å. ìåõàíè÷åñêàÿ ñèñòåìà òîëüêî ïî-

âîðà÷èâàåòñÿ âîêðóã îñè O1Z1. Â ýòîì ñëó÷àå íà÷àëüíî-êðàåâàÿ çàäà÷à (1.17)-(1.21) ïðèìåò

âèä

J(l0)θ̈ −
l0∫

0

(b+ l0−x)utt(x, t)dx = M(t), (2.1)

utt + uxxxx = (b+ l0 − x)θ̈, (2.2)

uxx(0, t) = uxxx(0, t) = 0, u(l0, t) = ux(l0, t) = 0, (2.3)

θ(0) = θ0, θ̇(0) = θ̇, u(x, 0) = u0(x), ut(x, 0) = u1(x). (2.4)

Ñôîðìóëèðóåì êîððåêòíóþ ïîñòàíîâêó íà÷àëüíî-êðàåâîé çàäà÷è äëÿ (2.1)-(2.4) ïðè

M(t) ∈ L2(0, T ) è M(t) ∈ L∞(0, T ) è ïîêàæåì åå ðàçðåøèìîñòü.

Âûðàçèì θ̈ èç óðàâíåíèÿ (2.1) è ïîäñòàâèì â óðàâíåíèå (2.2). Â ðåçóëüòàòå äëÿ îïðåäå-

ëåíèÿ u(x, t) ïîëó÷èì ñëåäóþùóþ íà÷àëüíî-êðàåâóþ çàäà÷ó

utt − J−1(l0)(b+ l0 − x)

∫ l0

0

(b+ l0 − x1)utt(x1, t)dx1 + uxxxx = −J−1(l0)(b+ l0 − x)M(t), (2.5)

uxx(0, t) = uxxx(0, t) = 0, u(l0, t) = ux(l0, t) = 0, (2.6)

u(x, 0) = u0(x), ut(x, 0) = u̇0(x). (2.7)

Ïîëîæèì ñíà÷àëà M(t) ≡ 0. Îïðåäåëÿÿ ðåøåíèå u(x, t) â âèäå u(x, t) = v(x)s(t), ïîäñòà-

âèì åãî â êðàåâóþ çàäà÷ó (2.5)-(2.6). Â ðåçóëüòàòå ïîëó÷èì äëÿ îïðåäåëåíèÿ v(x) ñïåêòðàëü-

íóþ êðàåâóþ çàäà÷ó

vIV(x) = λ(l0)

(
v(x)− J−1(l0)(b+ l0 − x)

∫ l0

0

(b+ l0 − x1)v(x1)dx1

)
, (2.8)

v′′(0) = v′′′(0) = 0, v′(l0) = v(l0) = 0, (2.9)

a äëÿ s(t) � ñëåäóþùåå óðàâíåíèå

s̈(t) + λ(l0)s(t) = 0.

Èçó÷èì ñïåêòðàëüíóþ êðàåâóþ çàäà÷ó (2.8)-(2.9). Èíòåãðàëüíûé îïåðàòîð

Av(x) ≡ v(x)− J−1(l0)(b+ l0 − x)

∫ l0

0

(b+ l0 − x1)v(x1)dx1 ≡

≡ v(x)− J−1(l0)(b+ l0 − x) (b+ l0 − x, v(x))L2(0,T )
,

15



äåéñòâóþùèé â L2(0, l0) ÿâëÿåòñÿ îãðàíè÷åííûì, ñèììåòðè÷íûì è ïîëîæèòåëüíî îïðåäåëåí-

íûì

||Av||2L2(0,T )
= ||v||2L2(0,T )

− (J0 + J(l0))J
−2(l0)(b+ l0 − x, v)2L2(0,T )

≤ ||v||2L2(0,T )
<

< J0 = J1(l0)−
l0∫

0

(b+ l0 − x)2 > 0,

(Av, u)L2(0,T ) = (v, u)L2(0,T ) − J−1(b+ l0 − x, v)L2(0,T )(b+ l0 − x, u)L2(0,T ) = (v,Au)L2(0,T ),

(Av, v)L2(0,T ) = (v, v)L2(0,T ) − J−1(b+ l0 − x, v)2L2(0,T )
≥

≥ (v, v)L2(0,T ) − J−1(b+ l0 − x, b+ l0 − x)2L2(0,T )
(v, v)2L2(0,T )

= J0J
−1(v, v)L2(0,T ).

Ïðè ýòîì A−1v(x) ≡ v(x)+J−10 (b+l0−x)(b+l0−x1, v(x))L2(0,T ). Îïåðàòîð Bv(x) ≡ vIV(x),

äåéñòâóþùèé â L2(0, l0) ñ îáëàñòüþ îïðåäåëåíèÿ D(B) = {v(x) ∈ W 4
2 (0, l0), v(0) = v′(0) =

v′′(1) = v′′′(1) = 0} ÿâëÿåòñÿ ñèììåòðè÷íûì è ïîëîæèòåëüíî îïðåäåëåííûì. Ðàñøèðèì åãî

äî ñàìîñîïðÿæåííîãî â ýíåðãåòè÷åñêîì ïðîñòðàíñòâå HB ⊂ W 2
2 (0, l0), ïðè ýòîì B−1 âïîëíå

íåïðåðûâíûé îïåðàòîð. Çàïèøåì ñïåêòðàëüíóþ êðàåâóþ çàäà÷ó (2.8)-(2.9) â îïåðàòîðíîé

ôîðìå

Bv = λ(l0)Av (2.10)

Âûïîëíèâ â (2.10) çàìåíó B1/2v = y ∈ L2(0, l0), ãäå B
1/2 - ïîëîæèòåëüíûé êîðåíü èç

îïåðàòîðà B (v = B−1/2y), ïîëó÷èì ñïåêòðàëüíóþ çàäà÷ó

µy = B−1/2AB−1/2y (µ = λ−1(l0)) (2.11)

äëÿ âïîëíå íåïðåðûâíîãî ñàìîñîïðÿæåííîãî è ïîëîæèòåëüíî îïðåäåëåííîãî îïåðàòîðà

B−1/2AB−1/2. Òàêàÿ ñïåêòðàëüíàÿ çàäà÷à èìååò (ñì., íàïðèìåð, [69]) ñ÷åòíîå ÷èñëî âåùå-

ñòâåííûõ ïîëîæèòåëüíûõ êîíå÷íîêðàòíûõ òî÷åê ñïåêòðà µj → 0 ïðè j →∞, êîòîðûì ñîîò-

âåòñòâóþò ëèíåéíî íåçàâèñèìûå, îðòîãîíàëüíûå â L2(0, l0) ñîáñòâåííûå ôóíêöèè yj = yj(x).

Íèæå áóäåò ïîêàçàíî, ÷òî òî÷êè ñïåêòðà îäíîêðàòíû. Äëÿ vj = B−1/2yj ñîãëàñíî (2.10) èìååì

(yj, yk)L2(0,T ) = (B1/2vj, B
1/2vk)L2(0,T ) = λj(Avj, vk)L2(0,T ) = λj〈vj, vk〉 = λjδkj, (2.12)

ãäå ñêàëÿðíîå ïðîèçâåäåíèå

〈v, y〉 = (v, y)L2(0,T ) − J−1(l0)(b+ l0 − x, v)L2(0,T )(b+ l0 − x, y)L2(0,T ), (2.13)

δkj �ñèìâîë Êðîíåêåðà. Îòìåòèì, ÷òî vj(x) îáðàçóþò îðòîíîðìèðîâàííûé áàçèñ â L2(0, l0)

è îðòîãîíàëüíûé â HB.
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Äëÿ ïîñòðîåíèÿ ôóíêöèé vj(x) ïðèìåíèì ê îáåèì ÷àñòÿì óðàâíåíèÿ (2.8) îïåðàòîð A−1,

A−1w(x) ≡ w(x) + J0(l0)
−1(b+ l0 − x)

l0∫
0

(b+ l0 − x1)dx1, J0(l0) = J(l0)− b2l0 − bl20 − l30/3 > 0. Â

ðåçóëüòàòå ïîëó÷èì ýêâèâàëåíòíîå (2.8) â óðàâíåíèå

vIV(x) + J−10 (b+ l0 − x)(bv′′′(l0) + v′′(l0)) = λ(l0)v(x). (2.14)

Ïîêàæåì, ÷òî ñîáñòâåííûå çíà÷åíèÿ λj(l0) îäíîêðàòíû. Ïðåäïîëîæèì, ÷òî äëÿ íåêîòî-

ðîãî λk(l0) èìååòñÿ äâå ëèíåéíî íåçàâèñèìûõ ñîáñòâåííûõ ôóíêöèè vk1(x) è vk2(x). Âîçüìåì

èõ ëèíåéíóþ êîìáèíàöèþ ṽk(x) = (bv′′′k2(l0)− v′′k2(l0))vk1(x)− (bv′′′k1(l0)− v′′k1(l0))vk2(x) è ïîäñòà-

âèì åå â óðàâíåíèå (2.14). Â ðåçóëüòàòå ïîëó÷èì, ÷òî ṽIVk (x) = λk(l0)ṽk(x). Òàêèì îáðàçîì,

ṽk(x) ÿâëÿåòñÿ áàëî÷íîé ôóíêöèåé, óäîâëåòâîðÿþùåé êðàåâûì óñëîâèÿì (2.9), ò.å.

ṽk(x) = wk(x)/〈wk(x), wk(x)〉1/2, (2.15)

wk(x) = (sh(βk(l0)l0) + sin(βk(l0)l0))(ch(βk(l0)x)− cos(βk(l0)x))−

−(ch(βk(l0)l0) + cos(βk(l0)l0))(sh(βk(l0)x)− sin(βk(l0)x)),

à βk(l0) > 0 êîðåíü óðàâíåíèÿ ch(β(l0)) cos(β(l0)) + 1 = 0 [70]. Äëÿ ëþáîãî βk(l0) bw′′′k (0) −

w′′k(0) = −2(bβ3
k(l0)(ch(βk(l0)) + cos(βk(l0))) + β2

k(l0)(sh(βk(l0)) + sin(βk(l0)))) < 0. Ïîëó÷èëè

ïðîòèâîðå÷èå.

Ïîëîæèì â λ(l0) = β4(l0) è çàìåòèì, ÷òî îáùåå ðåøåíèå óðàâíåíèÿ (2.14) èìååò âèä

ṽ(β(l0)x) = A ch(β(l0)(l − x)) +B sh(β(l0)(l − x)) + C cos(β(l0)(l − x))+

+D sin(β(l0)(l − x))− 1

J0(l0)β2
(b+ l0 − x)(bβ(B −D)− A+ C). (2.16)

Ïîäñòàâèâ (2.16) â êðàåâûå óñëîâèÿ (2.9), ïîëó÷èì äëÿ îïðåäåëåíèÿ A,B,C,D ëèíåéíóþ

îäíîðîäíóþ àëãåáðàè÷åñêóþ ñèñòåìó âèäà

A (1 + b/J0(l0)β
2(l0))−B (b2/J0(l0)β(l0)) + C (1− b/J0(l0)β2(l0)) +D (b2/J0(l0)β(l0)) = 0,

−A (1/J0(l0)β
3(l0))−B (1− b/J0(l0)β2(l0)) + C (1/J0(l0)β

3(l0))−D (1 + b/J0(l0)β
2(l0)) = 0,

A ch(β(l0)l0) +B sh(β(l0)l0)− C cos(β(l0)l0)−D sin(β(l0)l0) = 0,

A sh(β(l0)l0) +B ch(β(l0)l0) + C sin(β(l0)l0)−D cos(β(l0)l0) = 0.

Ñèñòåìà èìååò íóëåâûå ðåøåíèÿ òîãäà è òîëüêî òîãäà, êîãäà∣∣∣∣∣∣∣∣∣∣∣∣

1 + (b/J0(l0)β
2(l0)) −b2/J0(l0)β(l0) 1− b/J0(l0)β2(l0) b2/J0(l0)β(l0)

−1/J0(l0)β
3(l0) −1 + b/J0(l0)β

2(l0) 1/J0(l0)β
3(l0) 1 + b/(J0(l0)β

2(l0)

ch(β(l0)l0) sh(β(l0)l0) cos(β(l0)l0) sin(β(l0)l0)+

+ sh(β(l0)l0) ch(β(l0)l0) sin(β(l0)l0) cos(β(l0)l0)

∣∣∣∣∣∣∣∣∣∣∣∣
= 0.
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Ýòî îïðåäåëÿåò õàðàêòåðèñòè÷åñêîå óðàâíåíèå

cos (β(l0)l0) ch (β(l0)l0) + 1 +
1

J0(l0)
·

((
1

β3(l0)
+

b2

β(l0)

)
sin (β(l0)l0) · (2.17)

· ch (β(l0)l0) +

(
b2

β(l0)
− 1

β3(l0)

)
cos (β(l0)l0) sh

(
β(l0)l0 +

2b

β2(l0)
sin (β(l0)l0) sh (β(l0)l0)

)
= 0,

ïîëîæèòåëüíûå êîðíè êîòîðîãî îïðåäåëÿþò òî÷êè ñïåêòðà 0 < λ1 < λ2 < ... < λn < ... <

λn = β4
n, (n = 1, 2, ...) ñïåêòðàëüíîé êðàåâîé çàäà÷è (2.8)-(2.9). Íåíóëåâûå ðåøåíèÿ ëèíåéíîé

àëãåáðàè÷åñêîé ñèñòåìû ïðè ñîîòâåòñòâóþùåì βn(l0) èìåþò âèä

An = sh(βn(l0)l) + (1− 2b/(J0β
2
n(l0))) sin(βn(l0)l0)− 2b2/(J0βn(l0)) cos(βn(l0)l0),

Bn = − ch(βn(l0)l0)− (1 + 2b/(J0βn(l0))) cos(βn(l0)l0)− 2/(J0β
3
n(l0)) sin(βn(l0)l0),

Cn = −(1 + 2b2/(J0)β
2
n(l0))) sh(βn(l0)l0)− sin(βn(l0)l0)− 2b2/(J0βn(l0)) ch(βn(l0)l0),

Dn = (1− 2b2/(J0β
2
n(l0))) ch(βn(l0)l0) + cos(βn(l0)l0)− 2/(J0β

3
n(l0)))sh(βn(l0)l0)

(2.18)

è, áóäó÷è ïîäñòàâëåííûå â (2.12), îïðåäåëÿþò ñîáñòâåííûå ôóíêöèè

vn(x, l0) = ṽ(βn(l0)x)/ 〈ṽ(βn(l0)x), ṽ(βn(l0)x)〉1/2 (2.19)

ñïåêòðàëüíîé êðàåâîé çàäà÷è (2.8)-(2.9).

Ïåðåéäåì ê ïîñòðîåíèþ ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è (2.1)-(2.4). Äëÿ åãî îïðåäåëå-

íèÿ ââåäåì íåêîòîðûå ôóíêöèîíàëüíûå ïðîñòðàíñòâà. Â äàëüíåéøåì Ql0T = {(x, t), 0 ≤ x ≤

l0, 0 ≤ t ≤ T}. Îáîçíà÷èì ÷åðåç H(0, l0) ïðîñòðàíñòâî ôóíêöèé u(x) ∈ L2(0, l0), ñíàáæåííîå

ñêàëÿðíûì ïðîèçâåäåíèåì (2.13) è íîðìîé ‖u(x)‖H = 〈u(x), u(x)〉1/2. ×åðåç Hj(0, l0) áóäåì

îáîçíà÷àòü ïðîñòðàíñòâî ôóíêöèé âèäà

u(x) =
∞∑
n=1

un vn(x, l0) un = 〈un(x), vn(x, l0)〉 ,

‖u(x)‖Hj =

(
∞∑
n=1

ωnu
2
n(x)

)1/2

<∞, ωn(l0) = β2
n(l0).

Îòìåòèì, ÷òî ýòè ïðîñòðàíñòâà ÿâëÿþòñÿ ñîîòâåòñòâåííî çàìêíóòûìè ïîäïðîñòðàíñòâà-

ìè W j
2 (0, l0).

×åðåç H(Ql0T ) � ïðîñòðàíñòâî L2(Ql0T ) ôóíêöèé u(x, t), ñíàáæåííîå ñêàëÿðíûì ïðîèç-

âåäåíèåì è íîðìîé

(u(x, t), v(x, t))H(Ql0T )
=

∫ T

0

〈u(x, t), v(x, t)〉dt, ‖u(x, t)‖HQl0T
= (u(x, t), u(x, t))

1/2
HQl0T

.
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×åðåçH2(Ql0T ) îáîçíà÷èì ãèëüáåðòîâî ïðîñòðàíñòâî ôóíêöèé u(x, t), ïîëó÷åííûõ çàìû-

êàíèåì ìíîæåñòâà ôóíêöèé u(x, t) ∈ C3,1(Ql0T ), uxx(0, t) = uxxx(0, t) = 0, u(l0, t) = ux(l0, t) = 0

â íîðìå

‖u(x, t)‖H2(Ql0T
= (u(x, t), u(x, t))

1/2

H2(Ql0T )
,

(u(x, t), v(x, t))H2(Ql0T )
= (uxx(x, t), vxx(x, t))L2(Ql0T )

+ (ut(x, t), vt(x, t))H(Ql0T )
.

Óìíîæèì îáå ÷àñòè óðàâíåíèÿ (2.5) íà ôóíêöèþ

v(x, t) ∈ H2(Ql0T ), v(x, T ) ≡ 0 (2.20)

è ïðîèíòåãðèðóåì ïî (x, t) ∈ Ql0T . Â ðåçóëüòàòå, âû÷èñëÿÿ èíòåãðàëû ïî ÷àñòÿì ïðè ó÷å-

òå êðàåâûõ è íà÷àëüíûõ óñëîâèé (2.6)- (2.7), óñëîâèÿ (2.20), à òàêæå ó÷òÿ ñîîòíîøåíèå

J0 (b+ l0 − x, v(x, t))L2(0,T )
= J(l0)〈(b+ l0 − x, v(x, t)〉, ïîëó÷èì èíòåãðàëüíîå ðàâåíñòâî

T∫
0

(
〈ut(x, t), vt(x, t)〉 − (uxx(x, t), vxx(x, t))L2(0,T )

+ J−10 (l0)〈b+ l0 − x, v(x, t)〉M(t)
)
dt+

+〈u1(x), v(x, 0)〉 = 0. (2.21)

Ïóñòü

u0(x) ∈ H2(0, l0), u1(x) ∈ H(0, l0). (2.22)

Èñïîëüçóÿ âàðèàöèîííûé ïîäõîä â îïðåäåëåíèè ðåøåíèé çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè

[72�74], ïîä ðåøåíèåì íà÷àëüíî-êðàåâîé çàäà÷è (2.5)-(2.6), îïðåäåëåííûì â îáëàñòè Ql0T , ñ

íà÷àëüíûìè óñëîâèÿìè (2.22) áóäåì ïîíèìàòü ôóíêöèþ u(x, t) ∈ H2(Ql0T ), (u(x, 0) = u0(x)),

óäîâëåòâîðÿþùóþ èíòåãðàëüíîìó ñîîòíîøåíèþ (2.21) äëÿ ëþáîé ôóíêöèè v(x, t) âèäà (2.20)

Ïðåäñòàâèì

u0(x) =
∞∑
n=1

ω−1n a0n(l0)vn(x, l0), a0n(l0) = ωn(l0)〈u0(x), vn(x, l0)〉, ‖u0(x)‖2H2
=
∞∑
n=1

a20n(l0),

u̇0(x) =
∞∑
n=1

b0n(l0)vn(x, l0), b0n(l0) = 〈u̇0(x), vn(x, l0)〉, ‖u̇0(x)‖2H =
∞∑
n=1

b20n(l0), (2.23)

b+ l0 − x =
∞∑
n=1

dn(l0)vn(x, l0), dn(l0) = 〈b+ l0 − x, vn(x, l0)〉, ‖b+ l0 − x‖2H =
∞∑
n=1

d2n(l0).

Óòâåðæäåíèå 2.1. Ïóñòü M(t) ∈ L2(0, T ), òîãäà ðåøåíèå u(x, t) íà÷àëüíî-êðàåâîé çà-

äà÷è (2.5)� (2.7) ñ íà÷àëüíûìè óñëîâèÿìè (2.22) ñóùåñòâóåò, åäèíñòâåííî è ïðåäñòàâèìî â

âèäå

u(x, t) =
∞∑
n=1

vn(x, l0)ωn(l0)
−1(a0n(l0) cos(ωn(l0)t) + b0n(l0) sin(ωn(l0)t)+
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+J−10 (l0)dn(l0)

t∫
0

sin(ωn(l0)(t− τ))M(τ)dτ
)
, (2.24)

ãäå a0n(l0), b0n(l0), dn(l0) îïðåäåëåíû â (2.23). Ïðè ýòîì ñïðàâåäëèâà îöåíêà

‖u(x, t)‖H2(QT )
≤ C

(
‖u0(x)‖2H2

+ ‖u̇0(x)‖2H + ‖b+ l0 − x‖2H ‖M(t)‖2L2(0,T )

)1/2
, (2.25)

ãäå C > 0 � íåêîòîðàÿ ïîñòîÿííàÿ.

Äîêàçàòåëüñòâî. Äîêàæåì ñíà÷àëà åäèíñòâåííîñòü ðåøåíèÿ. Ïðåäïîëîæèâ ñóùåñòâî-

âàíèå äâóõ ðåøåíèé u1(x, t) è u2(x, t), äëÿ èõ ðàçíîñòè u(x, t) ïîëó÷èì èíòåãðàëüíîå ñîîòíî-

øåíèå
T∫

0

(
〈ut(x, t), ut(x, t)〉 − (uxx(x, t), uxx(x, t))L2(0,T )

)
dt = 0. (2.26)

Âûáåðåì â êà÷åñòâå v(x, t) ôóíêöèþ

v(x, t) =


∫ τ

t

u(x, ξ)dξ, 0 < t < τ,

0, τ ≤ t < T,

çàâèñÿùóþ îò ïàðàìåòðà 0 < τ < T , è ïîäñòàâèì åå â (2.26). Â ðåçóëüòàòå èìååì

T∫
0

〈ut(x, t), vt(x, t)〉 = −1

2

τ∫
0

d

dt
〈u(x, t), u(x, t)〉dt = −1

2
〈u(x, τ), u(x, τ)〉,

T∫
0

(uxx(x, t), vxx(x, t))L2(0,T )dt =

l0∫
0

( τ∫
0

uxx(x, t)dt

τ∫
t

uxx(x, ξ)dξ

)
dx =

=

l0∫
0

( τ∫
0

uxx(x, ξ)dξ

ξ∫
0

uxx(x, t)dt

)
dx =

1

2

l0∫
0

( τ∫
0

uxx(x, t)dt

)2

dx.

Â èòîãå ðàâåíñòâî (2.26) ïðèìåò âèä

1

2
〈u(x, τ), u(x, τ)〉+

1

2

l0∫
0

( τ∫
0

uxx(x, t)dt

)2

dx = 0,

èç êîòîðîãî â ñèëó ïðîèçâîëüíîñòè τ ñëåäóåò, ÷òî u(x, t) ≡ 0. Åäèíñòâåííîñòü ðåøåíèÿ äîêà-

çàíà.

Ïåðåéäåì ê äîêàçàòåëüñòâó ñóùåñòâîâàíèÿ ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è (2.5)-

(2.7). Âûáåðåì â êà÷åñòâå u0(x) = a0nvn(x)ω−1n (l0), u̇0(x) = b0nvn(x) è ïóñòü â ïðàâîé ÷àñòè

óðàâíåíèÿ (2.5) âìåñòî ôóíêöèè b+ l0−x ñòîèò ôóíêöèÿ dn(l0)vn(x), ãäå a0n(l0), b0n(l0), dn(l0)

� íåêîòîðûå ïîñòîÿííûå. Òîãäà ôóíêöèÿ

un(x, t) = vn(x, l0)ω
−1
n (l0)

(
a0n(l0) cos(ωn(l0)t) + b0n(l0) sin(ωn(l0)t)−
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−J−10 dn(l0)

t∫
0

sin(ωn(l0)(t− τ))M(τ)dτ
)

(2.27)

ÿâëÿåòñÿ ðåøåíèåì íà÷àëüíî êðàåâîé çàäà÷è (2.5)- (2.8), óäîâëåòâîðÿþùèì âûáðàííûì íà-

÷àëüíûì óñëîâèÿì. Ýòî ïðîâåðÿåòñÿ íåïîñðåäñòâåííîé ïîäñòàíîâêîé (2.24) â (2.21) ñ èñ-

ïîëüçîâàíèåì ðàçëîæåíèÿ

v(x, t) =
∞∑
n=1

ωn(l0)
−1fn(t)vn(x, l0), fn(t) = ωn(l0)〈v(x, t), vn(x)〉,

fn(t) ∈ W 1
2 (0, T ), fn(T ) = 0.

Àíàëîãè÷íîå óòâåðæäåíèå ñïðàâåäëèâî, åñëè

y0(x) =
N∑
n=1

ωn(l0)
−1a0n(l0)vn(x, l0),

u1(x) =
N∑
n=1

b0n(l0)vn(x, l0)

è â ïðàâîé ÷àñòè óðàâíåíèÿ (2.5) âìåñòî ôóíêöèè b+ l−x ñòîèò ðÿä
N∑
n=1

dn(l0)vn(x, l0). Â ýòîì

ñëó÷àå ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è (2.5)- (2.7) áóäåò èìåòü âèä uN(x, t) =
N∑
n=1

un(x, t).

Ïîêàæåì òåïåðü, ÷òî ðÿä (2.24), ãäå a0n(l0), b0n(l0), dn(l0) îïðåäåëåíû â (2.23), äàåò ðå-

øåíèå íà÷àëüíî-êðàåâîé çàäà÷è (2.5)-(2.7), ïðèíàäëåæàùåå H2(Ql0T ) è óäîâëåòâîðÿþùåå íà-

÷àëüíûì óñëîâèÿì (2.22). Ñîãëàñíî ñêàçàííîìó âûøå, ðÿä (2.35) ÿâëÿåòñÿ ôîðìàëüíûì ðå-

øåíèåì íà÷àëüíî-êðàåâîé çàäà÷è (2.5)-(2.7). Äîêàæåì ñõîäèìîñòü ðÿäà (2.24) â íîðìå ïðî-

ñòðàíñòâà H2(Ql0T ). Ôîðìàëüíî äèôôåðåíöèðóÿ ðÿä (2.24) äâàæäû ïî x, îöåíèì îòðåçîê

ïîëó÷åííîãî ðÿäà

∥∥∥N+m∑
n=N

v′′n(x, l0)ωn(l0)
−1
(
a0n(l0) cos(ωn(l0)t) + b0n(l0) sin(ωn(l0)t)− J−10 dn(l0)·

·
t∫

0

sin(ωn(l0)(t− τ))M(τ)dτ
)∥∥∥2

L2(Ql0T )
=

N+m∑
n=N

T∫
0

(
a0n(l0) cos(ωn(l0)t) + b0n(l0) sin(ωn(l0)t)−

−J−10 dn(l0)

t∫
0

sin(ωn(l0)(t− τ))M(τ)dτ(l0)
)2
dt ≤ 3

N+m∑
n=N

T∫
0

(
a20n(l0) cos2(ωn(l0)t)+

+b20n(l0) sin2(ωn(l0)t) +
(
J−10 dn(l0)

)2( t∫
0

sin(ωn(l0)(t− τ))M(τ)dτ
)2)

dt ≤

≤ 3T
N+m∑
n=N

(
a20n(l0) + b20n(l0) +

(
J−10 dn(l0)

)2
‖M(t)‖2L2(0,T )

)
. (2.28)
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Çäåñü èñïîëüçîâàíî ðàâåíñòâî (v′′n(x, l0), v
′′
m(x, l0))L2(0,T ) = ω2

n(l0)δnm è íåðàâåíñòâî 2ab ≤

a2+b2. Ñîãëàñíî (2.23) âåëè÷èíà (2.28) ìîæåò áûòü ñäåëàíà çà ñ÷åò âûáîðà N èm > 0 ìåíüøå

ëþáîãî çàäàííîãî ε > 0.

Àíàëîãè÷íî, ôîðìàëüíî äèôôåðåíöèðóÿ ðÿä (2.24) ïî t, îöåíèì îòðåçîê ïîëó÷åííîãî

ðÿäà

∥∥∥N+m∑
n=N

vn(x)
(
− a0n sin(ωnt) + b0n cos(ωnt)− J−10 dn

t∫
0

cos(ωn(t− τ))M(τ)dτ
)∥∥∥2

H(QT )
=

=
N+m∑
n=N

T∫
0

(
− a0n sin(ωnt) + b0n cos(ωnt)− J−10 dn

t∫
0

cos(ωn(t− τ))M(τ)dτ
)2
dt ≤

≤ 3
N+m∑
n=N

T∫
0

(
a20n sin2(ωnt) + b20n cos2(ωnt) + J−10 dn

)2( t∫
0

cos(ωn(t− τ))M(τ)dτ
)2)

dt ≤

≤ 3T
N+m∑
n=N

(
a20n + b20n +

(
J−10 dn

)2
‖M(t)‖2L2(0,T )

)
. (2.29)

Âåëè÷èíà (2.29) òàêæå çà ñ÷åò âûáîðà N è m ìîæåò áûòü ñäåëàíà ìåíüøå ëþáîãî çà-

äàííîãî ε > 0. Ýòî îçíà÷àåò, ÷òî ïîñëåäîâàòåëüíîñòü ÷àñòè÷íûõ ñóìì ðÿäà (2.24) ôóíäà-

ìåíòàëüíà â ïðîñòðàíñòâå H2(Ql0T ). Â ñèëó ïîëíîòû ýòîãî ïðîñòðàíñòâà ðÿä (2.24) ñõîäèòñÿ

ê ôóíêöèè u(x, t) ∈ H2(Ql0T ). Ñóùåñòâîâàíèå ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è (2.5)�(2.7)

äîêàçàíî.

Èç (2.23), (2.28),(2.29) äëÿ ðåøåíèÿ (2.24) ñëåäóåò ñïðàâåäëèâîñòü îöåíêè (2.25), îáåñ-

ïå÷èâàþùàÿ êîððåêòíîñòü ïîñòàíîâêè íà÷àëüíî-êðàåâîé çàäà÷è (2.5)�(2.8). Óòâåðæäåíèå

äîêàçàíî.

Â ñëó÷àåM(t) ∈ L∞(0, T ) ñïðàâåäëèâî ñïðàâåäëèâî íåðàâåíñòâî ‖M(t)‖L2(0,T ) ≤ T 1/2‖M(t)‖L∞(0,T ).

Â ñâÿçè ñ ýòèì äëÿ ðåøåíèÿ u(x, t) ñïðàâåäëèâî ïðåäñòàâëåíèå (2.24) è îöåíêà àíàëî-

ãè÷íà (2.25).

Ïîñòðîèì òåïåðü ðåøåíèå óðàâíåíèÿ (2.1), óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì (2.3).

Ïóñòü ôóíêöèÿ

p(t) ∈ W 1
2 (0, T ), p(T ) = 0. (2.30)

Óìíîæèì óðàâíåíèå (2.1) íà p(t) è ïðîèíòåãðèðóåì ïî t ∈ [0, T ]. Âû÷èñëÿÿ èíòåãðàëû,

22



âõîäÿùèå â ïîëó÷åííîå ðàâåíñòâî ïî ÷àñòÿì, áóäåì èìåòü

−J(l0)

T∫
0

θ̇(t)ṗ(t)dt− J(l0)θ1p(0)− p(0)

l0∫
0

(b+ l0 − x)u1(x)dx−

−
T∫

0

ṗ(t)

l0∫
0

(b+ l0 − x)ut(x, t)dxdt =

T∫
0

M(t)p(t)dt,

÷òî ýêâèâàëåíòíî ðàâåíñòâó

T∫
0

(
Jθ̇(t)ṗ(t) + J(l0)J

−1
0 〈b+ l0 − x, ut(x, t)〉ṗ(t)+ (2.31)

+(J(l0)θ̇1 + J(l0)J
−1
0 〈b+ l0 − x, u1(x)〉)p(0) +M(t)p(t)

)
dt = 0.

Ïîä ðåøåíèåì óðàâíåíèÿ (1.1) áóäåì ïîíèìàòü ôóíêöèþ θ(t) ∈ W 1
2 (0, T ) θ(0) = θ0,

óäîâëåòâîðÿþùóþ èíòåãðàëüíîìó ðàâåíñòâó (2.31) äëÿ ëþáîé ôóíêöèè p(t) âèäà (2.30).

Ëåãêî âèäåòü, ÷òî èñêîìûì ðåøåíèåì óðàâíåíèÿ (2.1) áóäåò ôóíêöèÿ

θ(t) = θ0 + θ̇0t+ J−10 (l0)
(
〈b+ l0 − x, u̇0(x)〉t−

t∫
0

〈b+ l0 − x, ut1(x, t1)〉dt1
)
+

+J(l0)
−1(l0)

t∫
0

(t− t1)M(t1)dt1 = θ0 + θ1t+ J−10 (l0)
(
〈b+ l0 − x, u̇0(x)〉t−

−〈b+ l0 − x, u(x, t)〉+ 〈b+ l0 − x, u0(x)〉
)

+ J−1(l0)

t∫
0

(t− t1)M(t1)dt1. (2.32)

2.2. Ðåøåíèå çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ.

Ðàññìîòðèì ðåøåíèå çàäà÷ 1.1-1.4 äëÿ íà÷àëüíî-êðàåâîé çàäà÷è (2.1)-(2.4).

Âûáåðåì

u0(x), uT (x) ∈ H3(0, l0), u̇0(x), u̇T (x) ∈ H1(0, l0) (2.33)

è ïåðåôîðìóëèðóåì ñ ó÷åòîì (2.24), (2.32) çàäà÷ó 1 ñëåäóþùèì îáðàçîì: íàéòè ìèíèìóì

ôóíêöèîíàëà (1.23) ïðè ñëåäóþùèõ îãðàíè÷åíèÿõ

θ̇T = θ̇0 − J−10 (l0)
(
〈b+ l0 − x, u̇0(x)〉 − 〈b+ l0 − x, u̇T (x)〉

)
+ J−10 (l0)

T∫
0

M(τ)dτ,

θT = θ0 + θ̇0T + J−10 (l0)
(
〈b+ l0 − x, u̇0(x)〉T + 〈b+ l0 − x, u0(x)〉−

−〈b+ l0 − x, uT (x)〉
)
− J−1(l0)

T∫
0

(T − τ)M(τ)dτ,

23



aTn(l0) = a0n cos(ωn(l0)T ) + b0n(l0) sin(ωn(l0)T ) + J−10 (l0)dn

T∫
0

sin(ωn(l0)(T − τ))M(τ)dτ, (2.34)

bTn(l0) = −a0n(l0) sin(ωn(l0)T ) + b0n(l0) cos(ωn(l0)T ) + J−10 (l0)dn

T∫
0

cos(ωn(l0)(T − τ))M(τ)dτ,

aTn(l0) = ωn(l0)〈uT (x), vn(x, l0)〉, bTn(l0) = 〈u̇T (x), vn(x, l0)〉 (n = 1, 2, ...).

Óòâåðæäåíèå 2.2. Âåëè÷èíû

dn(l0) 6= 0 (n = 1, 2, ...), dn(l0) = O(n−1) ïðè n→∞. (2.35)

Äîêàçàòåëüñòâî. Âîñïîëüçóåìñÿ ðàâåíñòâîì

J−10 (l0)ω
2
n(l0)dn(l0) = (bv′′′n (l0, l0)− v′′n(l0, l0)), (2.36)

êîòîðîå ïîëó÷àåòñÿ, åñëè â óðàâíåíèå (2.14) ïîäñòàâèòü v(x) = vn(x, l0), λ(l0) = ω2
n(l0), ïî-

ëó÷åííîå ðàâåíñòâî óìíîæèòü íà b + l0 − x è ïðîèíòåãðèðîâàòü ïî îòðåçêó [0, l0] ñ ó÷åòîì

êðàåâûõ óñëîâèé (2.9). Ïðåäïîëîæèì, ÷òî äëÿ íåêîòîðîãî n dn(l0) = 0. Èç (1.8) ñëåäóåò, ÷òî

bv′′′n (l0, l0) = v′′n(l0, l0) = 0. Ýòî ðàâåíñòâî ñîâìåñòíî ñ ïåðâîé ÷àñòüþ êðàåâûõ óñëîâèé (2.9)

âëå÷åò âûïîëíåíèå ñëåäóþùèõ ðàâåíñòâ

An + Cn = 0, Bn +Dn = 0, (2.37)

äëÿ êîýôôèöèåíòîâ, ôèãóðèðóþùèõ â îïðåäåëåíèè vn(x, l0) â ñîîòâåòñòâèè ñ (2.16), (2.19).

Ïîäñòàâèì â (2.37) âûðàæåíèÿ äëÿ An è Cn, îïðåäåëÿåìûå ñîãëàñíî (2.18). Â ðåçóëüòàòå

ïîëó÷èì âûðàæåíèå

−2b(J0βn(l0))
−1[βn(l0)

−1(sin(βn(l0)) + sh(βn(l0))) + a(cos(βn(l0)) + ch(βn(l0)))] < 0.

Ïîëó÷èëè ïðîòèâîðå÷èå. Äëÿ ïîëó÷åíèÿ âòîðîãî ñîîòíîøåíèÿ (2.35) çàìåòèì, ÷òî ïðè

β(l0) → ∞ õàðàêòåðèñòè÷åñêîå óðàâíåíèå (2.17) èìååò âèä cos(β(l0)) + O(β−1(l0)) = 0.

Â ñîîòâåòñòâèè ñ ýòèì βn(l0) ∼ π/2(2n + 1) ïðè n → ∞, à ñîîòâåòñòâóþùèå ñîáñòâåí-

íûå ôóíêöèè vn(x) áëèçêè ê áàëî÷íûì ôóíêöèÿì (2.15), â êîòîðûõ 〈wk(x), wk(x)〉1/2 =

exp(βn(l0))/2(1 + O(β−1n (l0))) ïðè n → ∞. Ñ ó÷åòîì ýòîãî, âèäà ôóíêöèé (2.16) è ðàâåíñòâà

(2.36) èìååì âòîðîå ñîîòíîøåíèå (2.35). Óòâåðæäåíèå äîêàçàíî.

Îòìåòèì, ÷òî ïåðâîå óñëîâèå (2.35) ÿâëÿåòñÿ íåîáõîäèìûì óñëîâèåì óïðàâëÿåìîñòè ïî-

âåäåíèåì ðåøåíèé íà÷àëüíî-êðàåâîé çàäà÷è (2.1)�(2.4).
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Ïðåîáðàçóåì ðàâåíñòâà (2.34) ñ ó÷åòîì (2.23) ê ñëåäóþùåìó âèäó

T∫
0

M(t)dt = α1(T ) = J(l0)(θ̇T − θ̇0)− J(l0)J
−1
0 (l0)

∞∑
n=1

dn(l0)(bTn(l0)− b0n(l0)),

T∫
0

tM(t)dt = α2(T ) = J(l0)(θ0 − θT + θ̇TT )−

−J(l0)J
−1
0 (l0)

∞∑
n=1

dn(l0)(a0nω
−1
n (l0)− aTn(l0)ω

−1
n (l0)− bTn(l0)T ),

T∫
0

sin(ωn(l0)t)M(t)dt = α2n+1(T ) = (2.38)

= J0(l0)d
−1
n (−aTn(l0) cos(ωn(l0)T ) + bTn(l0) sin(ωn(l0)T ) + a0n(l0)) ,

T∫
0

cos(ωnt)M(t)dt = α2n+2(T ) =

= J0(l0)d
−1
n (l0)(aTn(l0) sin(ωn(l0)T ) + bTn(l0) cos(ωn(l0)T )− b0n(l0))

(n = 1, 2, ...).

Îòìåòèì, ÷òî ñîãëàñíî (2.23), (2.35) ñïðàâåäëèâî íåðàâåíñòâî

∞∑
n=1

α2
n(T ) <∞. (2.39)

Îáîçíà÷èì ÷åðåç Q2(0, T ) ïîäïðîñòðàíñòâî L2(0, T ), ÿâëÿþùååñÿ çàìêíóòîé â íîðìå

ýòîãî ïðîñòðàíñòâà ëèíåéíîé îáîëî÷êîé ôóíêöèé

ϕ1(t) = 1, ϕ2(t) = t, ϕ2n+1(t) = sin (ωn(l0)t) , ϕ2n+2(t) = cos (ωn(l0)t) , n = 1, 2, · · · (2.40)

Óòâåðæäåíèå 2.3. Ôóíêöèè (2.40) îáðàçóþò áàçèñ Ðèññà â ïðîñòðàíñòâå Q2(0, T ).

Äîêàçàòåëüñòâî. Ïîêàæåì ñíà÷àëà, ÷òî äëÿ íåêîòîðîãî n ôóíêöèè

ϕ2(n+j)+1(t), ϕ2(n+j)+2(t), (j = 1, 2, · · · ) (2.41)

îáðàçóþò áàçèñ Ðèññà â ïîäïðîñòðàíñòâå Qn
2 (0, T ), ÿâëÿþùèìñÿ çàìêíóòîé ëèíåéíîé îáî-

ëî÷êîé ôóíêöèé (2.41). Ñîãëàñíî [74, c. 56], äëÿ ýòîãî íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ñîá-

ñòâåííûå çíà÷åíèÿ ìàòðèö Ãðàììà Gn
m = {gpq}, gpq = (ϕp(t), ϕq(t))L2(0,T ), (p q = 2(n + j) +
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1, 2(n + j) + 2, j = 1, 2, · · · ,m) áûëè â ñîâîêóïíîñòè îòäåëåíû îò íóëÿ è áåñêîíå÷íîñòè. Èç

âèäà ôóíêöèè (2.41) èìååì

g2(n+j)+1 2(n+j)+1, g2(n+j)+2 2(n+j)+2 = T/2 +O((n+ j)−2), g2(n+j)+1 2(n+j)+2 = O((n+ j)−2)

ïðè (n+ j)→∞, è

g2(n+j)+1 2(n+k)+1, g2(n+j)+1 2(n+k)+2 = O([n(j − k)]−1)

ïðè ïðè i 6= k, |n(j − k)| → ∞.

Â ñâÿçè ñ ýòèì õàðàêòåðèñòè÷åñêîå óðàâíåíèÿ ìàòðèöû Gn
m ïîðÿäêà 2m áóäåò èìåòü

âèä (T/2−λ)2m +O(n−1). Îòñþäà ñëåäóåò ñîâîêóïíàÿ îòäåëåííîñòü îò íóëÿ è áåñêîíå÷íîñòè

ñîáñòâåííûõ çíà÷åíèé ìàòðèö Gn
m. Òàêèì îáðàçîì, ôóíêöèè (2.41) îáðàçóþò áàçèñ Ðèññà â

Qn
2 (0, T ). Äîáàâëåíèå ê ôóíêöèÿì (2.41) êîíå÷íîãî ÷èñëà ëèíåéíî íåçàâèñèìûõ ôóíêöèé íå

ìåíÿåò ñâîéñòâà áàçèñà. Ñëåäîâàòåëüíî ôóíêöèè (2.40) îáðàçóåò áàçèñ Ðèññà â Q2(0, T ). Ýòî

îçíà÷àåò, ÷òî ñîáñòâåííûå çíà÷åíèÿ λj > 0 áåñêîíå÷íîé ìàòðèöû Ãðàììà G, ïîñòðîåííîé

ïî ñèñòåìå ôóíêöèé (2.41), â ñîâîêóïíîñòè îòäåëåíû îò íóëÿ è áåñêîíå÷íîñòè, ò.å. ñóùå-

ñòâóþò ïîñòîÿííûå mg,Mg > 0, äëÿ êîòîðûõ mg < λj < Mg (j = 1, 2, · · · ). Òàêèì îáðàçîì

ñïðàâåäëèâî íåðàâåíñòâî

mj

∞∑
j=1

ξ2j <
∞∑

j k=1

gj kξjξk < Mj

∞∑
j=1

ξ2j . (2.42)

äëÿ ëþáîãî ξ = (ξ1, ξ2, · · ·) ∈ l2, ||ξ||2 =
∑∞

j=1 ξ
2
j <∞. Óòâåðæäåíèå äîêàçàíî.

Îáùèé âèä ëèíåéíîãî íåïðåðûâíîãî ôóíêöèîíàëà â ïðîñòðàíñòâå L2(0, T ) ñëåäóþùèé

[74]

F2(u) = (u(t),M(t))L2(0,T )
,M(t) ∈ L2(0, T ); ‖F2‖ = ‖M(t)‖L2(0,T ) (2.43)

Òàêèì îáðàçîì, çàäà÷à 1.1 ïîñòðîåíèÿ îïòèìàëüíîãî óïðàâëåíèÿ íà îñíîâàíèè (2.37),

(2.40) ñâîäèòñÿ ê ñëåäóþùåé ïðîáëåìå ìîìåíòîâ â ïðîñòðàíñòâå L2(0, T ).

Íàéòè ôóíêöèîíàë âèäà (2.43), óäîâëåòâîðÿþùèé óñëîâèÿì

F2(ϕj(t)) = αj(T )(j = 1, 2, ...) (2.44)

è èìåþùèé ìèíèìàëüíóþ íîðìó ‖F2‖min = m(T ).

Ðåøåíèå ýòîé çàäà÷è äàíî â ðàáîòå [49].Èçëîæèì êðàòêî àëãîðèòì ðåøåíèÿ. Ïî ñèñòåìå

ôóíêöèé ϕj(t) ïîñòðîèì îðòîíîðìèðîâàííóþ â L2(0, T ) ñèñòåìó ôóíêöèé ψj(t), èñïîëüçóÿ
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îðòîãîíàëèçàöèþ Øìèäòà [74]. Ïîëîæèì

ψ̄1(t) = ϕ1(t), ψ1(t) = ψ̄1(t)/η1,

ψ̄2(t) = ϕ2(t)− α21ψ1(t), ψ2(t) = ψ̄2(t)/η2,

. . . . . .

ψ̄n(t) = ϕn(t)−
n−1∑
j=0

αnjψj(t), ψn(t) = ψ̄n(t)/ηn,

αnj = (ϕn(t), ψj(t))L2(0,T ), ηn =
∥∥ψ̄n(t)

∥∥
L2(0,T )

.

Ââåäåì â ðàññìîòðåíèå âåëè÷èíû βn(T ) ïî ñëåäóþùåé ñõåìå:

β1(T ) = α1(T )/η1,

β2(T ) = (α2(T )− α21β1(T ))/η2,

. . .

βn(T ) = (αn(T )−
n−1∑
j=0

αnjβj(T ))/ηn.

Îòìåòèì, ÷òî ñîãëàñíî (2.41),(2.44)

∞∑
n=1

β2
n(T ) <∞. (2.45)

Óòâåðæäåíèå 2.4. Ñóùåñòâóåò åäèíñòâåííàÿ ôóíêöèÿ

M∗(t) =
∞∑
n=0

βn(T )ψn(t), (2.46)

óäîâëåòâîðÿþùàÿ óñëîâèþ

‖M∗(t)‖L2(0,T ) =

(
∞∑
n=0

β2
n(T )

)1/2

= m(T ).

Äîêàçàòåëüñòâî. Ïðåäñòàâèì L2(0, T ) = Q2(0, T ) ⊕ P2(0, T ), ãäå P2(0, T ) = {u(t) ∈

L2(0, T ), (u(t), ψj(t))L2(0,T )
= 0, j = 1, 2...}. Óñëîâèÿ (2.44) ýêâèâàëåíòíû óñëîâèÿì

F2(ψj(t)) = βj(T ) (j = 1, 2, ...). (2.47)

Ïðîèçâîëüíàÿ ôóíêöèÿ M(t) ∈ L2(0, T ), îïðåäåëÿþùàÿ (2.43) è óäîâëåòâîðÿþùàÿ óñëîâèÿì

(2.47) èìååò âèä M(t) = M∗(t) + P (t), ãäå p(t) ∈ P2(0, T ),íî ‖M(t)‖2L2(0,T )
= ‖M∗(t)‖2L2(0,T )

+

‖P (t)‖2L2(0,T )
.

Îòñþäà min‖M(t)‖L2(0,T ) = ‖M∗(t)‖L2(0,T ) = m(T ) ∈ H2(0, T ), Q(t) ∈ Q2(0, T ). Óòâåð-

æäåíèå äîêàçàíî.
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Îáîçíà÷èì ÷åðåç S(m(T )) ìíîæåñòâî ôóíêöèîíàëîâ âèäà (2.42), èìåþùèõ íîðìó m(T ),

êàæäûé èç êîòîðûõ õàðàêòåðèçóåòñÿ ôóíêöèåé M(t). Èìåþùèé åäèíè÷íóþ íîðìó ýëåìåíò

e0(t) = M∗(t)/‖M∗(t)‖L2(0,T ), íàçîâåì ýêñòðåìàëüíûì. Îáîáùåíèåì ôóíêöèîíàëüíîãî ïîäõî-

äà ê çàäà÷àì îïòèìàëüíîãî óïðàâëåíèÿ, ïðåäëîæåííîãî â ìîíîãðàôèè [39], íà ðàññìàòðèâà-

åìûé áåñêîíå÷íîìåðíûé ñëó÷àé ÿâëÿåòñÿ ñëåäóþùåå óòâåðæäåíèå.

Óòâåðæäåíèå 2.5. Ïðèíöèï ìàêñèìóìà Îïòèìàëüíûé ôóíêöèîíàë F ∗2 (u), âèäà

(2.43) è îïðåäåëÿåìûé ôóíêöèåé M∗(t),âûäåëÿåòñÿ èç âñåõ ôóíêöèîíàëîâ âèäà (2.43), èìå-

þùèõ òó æå íîðìó m(T ), ñëåäóþùèì ñâîéñòâîì ìàêñèìóìà íà ýêñòðåìàëüíîì ýëåìåíòå

F ∗2 (e0) = max
F (u)∈S(m(T ))

F (e0).

Íåïîñðåäñòâåííî èç âèäà êîýôôèöèåíòîâ βn(T ) ñëåäóåò

Óòâåðæäåíèå 2.6.

lim
T→0

m(T ) =∞, lim
T→∞

m(T ) = 0.

Îáîçíà÷èì ÷åðåç T ∗ ïåðâûé ïîëîæèòåëüíûé êîðåíü óðàâíåíèÿ m(T ) = L.

Óòâåðæäåíèå 2.7. Ðåøåíèå çàäà÷è 4 äàåò ïàðà (T ∗,M∗(t)), ãäå M∗(t) îïðåäåëÿåòñÿ

ôîðìóëîé (2.46).

Ðàññìîòðèì òåïåðü ðåøåíèå çàäà÷ 3, 4. Ëèíåéíûé íåïðåðûâíûé ôóíêöèîíàë â ïðî-

ñòðàíñòâå L1(0, T ) èìååò âèä [69]:

F1(u) =

T∫
0

u(t)M(t)dt, M(t) ∈ L∞(0, T ), ‖F1‖ = ‖M(t)‖L∞(0,T ). (2.48)

Ñ ó÷åòîì (2.24), (2.38), (2.46) çàäà÷à 1.3 ìîæåò áûòü ñôîðìóëèðîâàíà êàê ñëåäóþùàÿ

ïðîáëåìà ìîìåíòîâ â ïðîñòðàíñòâå L1(0, T ).

Íàéòè ôóíêöèîíàë âèäà (2.48), óäîâëåòâîðÿþùèé óñëîâèÿì

F1(ϕj(t)) = αj(T ) (j = 1, 2, ...) (2.49)

è èìåþùèé ìèíèìàëüíóþ íîðìó ‖F1‖min = m(T ).

Îòìåòèì, ÷òî óêàçàííàÿ ïðîáëåìà ìîìåíòîâ ïðè êîíå÷íîì ÷èñëå îãðàíè÷åíèé (2.49)

ðàññìîòðåíà â [75]. Íåêîòîðûå ðåçóëüòàòû [75] ìîãóò áûòü ðàñïðîñòðàíåíû íà ðàññìàòðèâà-

åìûé ñëó÷àé.

Îáîçíà÷èì ÷åðåç Q1(0, T ) ïîäïðîñòðàíñòâî L1(0, T ), ïîëó÷åííîå çàìûêàíèåì â íîðìå

ïðîñòðàíñòâà L1(0, T ) ìíîæåñòâà ôóíêöèé âèäà uN(t) =
N∑
j=1

ξjϕj(t), ξ = (ξ1, ξ2, ...) ∈ l2. Â

ñèëó ñîîòíîøåíèÿ ‖uN(t)‖L1(0,T ) ≤ T‖uN(t)‖2L2(0,T )
è íåðàâåíñòâà (2.42) Q1(0, T ) ÿâëÿåòñÿ çà-

ìêíóòûì ëèíåéíûì ïîäïðîñòðàíñòâîì L1(0, T ).
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Ââåäåì äâîéñòâåííóþ ê ïðîáëåìå ìîìåíòîâ çàäà÷ó.

Íàéòè

min
ξ∈l2
‖

N∑
j=1

ξjϕj(t)‖L1(0,T ) = ‖
N∑
j=1

ξ∗jϕj(t)‖L1(0,T ) = ‖u∗n(t)‖L1(0,T ) = l−1(T ), (2.50)

ïðè óñëîâèè
∞∑
j=1

ξ∗jαj(T ) = 1.

Óòâåðæäåíèå 2.8. m(T ) = l(T )

Äîêàçàòåëüñòâî. Äëÿ ëþáûõ ξ = (ξ1, ξ2, ...) ∈ l2 è N > 0 ñîãëàñíî (2.34)

|
N∑
j=1

ξjαj(T )| = |F1

(
N∑
j=1

ξjϕj(t)

)
| ≤ ‖F1‖ ‖

N∑
j=1

ξjϕj(t)‖L1(0,T ) ≤ ‖F1‖ ‖
∞∑
j=1

ξjϕj(t)‖L1(0,T )

Îòñþäà

‖F1‖−1 ≤ min
ξ∈l2
‖
∞∑
j=1

ξjϕj(t)‖L1(0,T )/‖
∞∑
j=1

ξjαj(T )‖L1(0,T ) =

= min
ξ∈l2,

∑∞
j=1 ξjαj(T )=1

‖
∞∑
j=1

ξjϕj(t)‖L1(0,T ).

Òàêèì îáðàçîì, ‖F1‖ ≥ l(T ) è m(T ) ≥ l(T ).

Îïðåäåëèì â Q1(0, T ) ôóíêöèîíàë

Φ(u) = Φ

(
∞∑
j=1

ξjϕj

)
=
∑
|j = 1∞ξjαj(T ) (ξ = (ξ1, ξ2, ...) ∈ l2).

Íîðìà Φ(u) â Q1(0, T ) ðàâíà

‖Φ‖ = sup
u∈Q1(0,T )

Φ(u)|/‖u‖L1(0,T ) = sup
ξ∈l2
|
∞∑
j=1

ξjαj(T )|/‖
∞∑
j=1

ξjϕj(t)‖L1(0,T ) = l(T ).

Ïðîäîëæèì ôóíêöèîíàë Φ(u) íà âñå ïðîñòðàíñòâî L1(0, T ) ñ ñîõðàíåíèåì íîðìû (òåîðå-

ìà Õàíà-Áàíàõà, ñì. [76, c. 244]). Ýòîò ôóíêöèîíàë îáîçíà÷èì F1(u). Ñîîòâåòñòâåííî èìååì

F1(uj) = α1(T ) (j = 1, 2, ...). Ñëåäîâàòåëüíî, m(T ) = l(T ). Óòâåðæäåíèå äîêàçàíî.

Îòñþäà íà îñíîâàíèè (2.48) èìååì ñëåäóþùåå óòâåðæäåíèå.

Óòâåðæäåíèå 2.9.

Ðåøåíèå çàäà÷è 3 äàåòñÿ ôîðìóëîé

M∗(t) = l(T )sign(u∗(t)). (2.51)

Îòìåòèì, ÷òî íà îñíîâàíèè (2.50)

|F (u∗)| = l(T )‖u∗(t)‖L1(0,T ) = 1. (2.52)
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Î÷åâèäíî, ÷òî ñïðàâåäëèâî è îáðàòíîå. Åñëè äëÿ íåêîòîðîãî ýëåìåíòà u∗(t) ∈ Q1(0, T )

âûïîëíåíî (2.52) u∗(t) âûïîëíåíî (2.50) è u∗(t) ÿâëÿåòñÿ ðåøåíèåì äâîéñòâåííîé çàäà÷è.

Ïðîñòðàíñòâî L1(0, T ) íå ÿâëÿåòñÿ ñòðîãî íîðìèðîâàííûì. Ïîýòîìó ðàâåíñòâî (2.51)

è ñîîòâåòñòâåííî ðåøåíèå äâîéñòâåííîé çàäà÷è (2.50) ñïðàâåäëèâî íå äëÿ åäèíñòâåííîãî

ýëåìåíòà.

Ïóñòü u∗(t) è v∗(t) - ðåøåíèÿ çàäà÷è (2.50). Òîãäà äëÿ ôóíêöèîíàëà F1(u) âèäà (2.49) è

äàþùåãî ðåøåíèå ïðîáëåìû ìîìåíòîâ (2.48), â êîòîðîì M∗(t) îïðåäåëÿåòñÿ ñîãëàñíî (2.18),

ñïðàâåäëèâû íà îñíîâàíèè (2.48) ðàâåíñòâà |F1(u
∗)| = |F1(v

∗)| = 1. Íî òîãäà íà îñíîâàíèè

(2.49) ïî÷òè âñþäó l(T )sign(u∗(t)) = l(T )sign(v∗(t)). Òàêèì îáðàçîì, ðåøåíèå çàäà÷è 1.3

åäèíñòâåííî.

Îáîçíà÷èì ÷åðåç S(m1(T )) ìíîæåñòâî ôóíêöèîíàëîâ âèäà (2.48), èìåþùèõ íîðìóm1(T ),

êàæäûé èç êîòîðûõ õàðàêòåðèçóåòñÿ ôóíêöèåé M(t). Èìåþùèé åäèíè÷íóþ íîðìó ýëåìåíò

e0(t) = u∗(t)/‖u∗(t)‖L1(0,T ), íàçîâåì ýêñòðåìàëüíûì.

Óòâåðæäåíèå 2.10 (Ïðèíöèï ìàêñèìóìà). Îïòèìàëüíûé ôóíêöèîíàë F∗(u) âè-

äà (2.48) è îïðåäåëÿåìûé ôóíêöèåé M∗(t), âûäåëÿåòñÿ èç âñåõ ôóíêöèîíàëîâ âèäà (2.48),

èìåþùèõ òó æå íîðìó m1(T ), ñëåäóþùèì ñâîéñòâîì ìàêñèìóìà íà ëþáîì ýêñòðåìàëüíîì

ýëåìåíòå

F∗(e0) = max
M(t)∈S(m1(T ))

F (e0).

Óòâåðæäåíèå 2.11.

lim
T→0

m1(T ) =∞, lim
T→∞

m1(T ) = 0. (2.53)

Îáîçíà÷èì ÷åðåç T ∗ ïåðâûé ïîëîæèòåëüíûé êîðåíü óðàâíåíèÿ m1(T ) = P2.

Óòâåðæäåíèå 2.12. Ðåøåíèå çàäà÷è 4 äàåò ïàðà (T ∗,M∗(t)), ãäå M∗(t) îïðåäåëÿåòñÿ

ôîðìóëîé (2.51).

Ïðèìåð 2.1.

Â êà÷åñòâå ïðèìåðà ðàññìîòðèì ìåõàíè÷åñêóþ ñèñòåìó, â êîòîðîé íàïðàâëÿþùàÿ èìååò

ñëåäóþùèå ðàçìåðû: âíåøíèé äèàìåòð 0.1125 ì, âíóòðåííèé äèàìåòð 0.0825 ì, äëèíà 0.75 ì;

ðóêà èìååò ñëåäóþùèå ðàçìåðû: âíåøíèé äèàìåòð 0.05 ì, âíóòðåííèé äèàìåòð 0.035 ì; ìàòå-

ðèàë íàïðàâëÿþùåé è ðóêè - ñòàëü: E = 2 · 1011 Í/ì2, ρ = 7.8 · 103 êã/ì3. Èìååì ñëåäóþùèå

áåçðàçìåðíûå ïàðàìåòðû íà÷àëüíî-êðàåâîé çàäà÷è (1.17)-(1.21): J = 0.304, b = 1/2.

Íèæå íà ðèñ. 2.1-2.3 äëÿ ðàçëè÷íûõ çíà÷åíèé âðåìåíè T ïðèâåäåíû ãðàôèêè îïòè-

ìàëüíûõ óïðàâëåíèé â ïðîñòðàíñòâàõ L2(0, T ) è L∞(0, T ) ñîîòâåòñòâåííî, îáåñïå÷èâàþùèõ
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ïîâîðîò ðàññìàòðèâàåìîé ñèñòåìû íà óãîë π/2 ñ ïîëíûì ãàøåíèåì êîëåáàíèé èç íà÷àëü-

íîãî ïîëîæåíèÿ θ(0) = θ̇(0) = 0, u(x, 0) = ut(x, 0) ≡ 0. Ãðàôèêè îïòèìàëüíûõ óïðàâëåíèé

ïðèâåäåíû â áåçðàçìåðíûõ ïåðåìåííûõ.
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Ðèñ. 2.1. Îïòèìàëüíûå óïðàâëåíèÿ â ïðîñòðàíñòâàõ L2 è L∞ äëÿ âðåìåíè T = 0.05 c

Ðèñ. 2.2. Îïòèìàëüíûå óïðàâëåíèÿ â ïðîñòðàíñòâàõ L2 è L∞ äëÿ âðåìåíè T = 0.1 c

Ðèñ. 2.3. Îïòèìàëüíûå óïðàâëåíèÿ â ïðîñòðàíñòâàõ L2 è L∞ äëÿ âðåìåíè T = 0.2 c
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3. Îïòèìàëüíîå óïðàâëåíèå ïîâåäåíèåì ðåøåíèé íà÷àëüíî-

êðàåâîé çàäà÷è ñ ïåðåìåííîé ãðàíèöåé

3.1. Ïîñòàíîâêà çàäà÷è

Ðàññìàòðèâàåòñÿ ñëåäóþùàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à

J(l)θ̈ −
l∫

0

(b+ l − x1)utt(x, t)dx = M(t), (3.1)

utt + uxxxx = (b+ l − x)θ̈1 + f(x, t), (3.2)

uxx(0, t) = uxxx(0, t) = 0, ux(l, t) = u(l, t) = 0, (3.3)

θ(0) = θ0, θ̇(0) = θ̇0, u(x, 0) = u0(x), ut(x, 0) = u̇0(x), (0 ≤ x ≤ l0) (3.4)

îòíîñèòåëüíî ôóíêöèé θ = θ(t), u = u(x, t) â îáëàñòè Ql0,T = {0 ≤ x ≤ l, 0 ≤ t ≤ T )}, ãäå l =

l(t) - çàäàííàÿ ôóíêöèÿ, l(t) ∈ W 2
2 (0, T ), l(t) > 0, l0 = l(0),M(t) ∈ L2(0, T ), b > 0 - ïîñòîÿííàÿ,

J(l) îïðåäåëåíà â ï. 1.1, ôóíêöèÿ f(x, t) ïðèíàäëåæèò L2(0, l) ïðè êàæäîì t è íåïðåðûâíà ïî t

â ìåòðèêå ýòîãî ïðîñòðàíñòâà, u0(x) è u̇0(x) - çàäàííûå ôóíêöèè, ïðèíàäëåæàùèå íåêîòîðûì

ôóíêöèîíàëüíûì ïðîñòðàíñòâàì.

Íèæå äëÿ íà÷àëüíî-êðàåâîé çàäà÷è (3.1)-(3.4) ðàññìàòðèâàåòñÿ ðåøåíèå çàäà÷ 1.1-1.4 îï-

òèìàëüíîãî óïðàâëåíèÿ ïîâåäåíèåì ðåøåíèé. Ïðè ýòîì ââîäèòñÿ îïðåäåëåíèå ðåøåíèÿ, ïîêà-

çàíî åãî ñóùåñòâîâàíèå, åäèíñòâåííîñòü è íåïðåðûâíàÿ çàâèñèìîñòü îò íà÷àëüíûõ óñëîâèé,

ò.å. ïîêàçàíà ìàòåìàòè÷åñêàÿ êîððåêòíîñòü ïîñòàâëåííîé íà÷àëüíî-êðàåâîé çàäà÷è. Îòìå-

òèì, ÷òî (3.1)-(3.4) ÿâëÿåòñÿ ïðîìåæóòî÷íîé ìåæäó íà÷àëüíî-êðàåâûìè çàäà÷àìè (2.1)-(2.4)

è (1.17)-(1.21) è áóäåò èñïîëüçîâàòüñÿ ïðè ðåøåíèè çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ 1.1-1.4

äëÿ íà÷àëüíî-êðàåâîé çàäà÷è (1.17)-(1.21).

3.2. Îïðåäåëåíèå ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è (3.1)-(3.4)

Ñôîðìóëèðóåì äëÿ (3.1)-(3.4) ïîñòàíîâêó íà÷àëüíî-êðàåâîé çàäà÷è è äîêàæåì åå êîð-

ðåêòíîñòü.

Âûðàçèì èç óðàâíåíèÿ (3.1) θ̈ è ïîäñòàâèì â (3.2). Â ðåçóëüòàòå ïîëó÷èì äëÿ îïðåäåëå-

íèÿ u(x, t) ñëåäóþùåå óðàâíåíèå

A(l)utt + uxxxx ≡ utt − J−1(l)(b+ l − x)

∫ l

0

(b+ l − x1)utt(x1, t)dx1 + uxxxx =

=
1

J(l)
(b+ l − x)M(t) + f(x, t), (3.5)
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êîòîðîå ñîâìåñòíî ñ êðàåâûìè è íà÷àëüíûìè óñëîâèÿìè (3.3), (3.4) îïðåäåëÿåò íà÷àëüíî-

êðàåâóþ çàäà÷ó äëÿ îïðåäåëåíèÿ u(x, t).

Â ñëó÷àå l(t) = l0, êàê ñëåäóåò èç ðåçóëüòàòîâ ãëàâû 2, ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è

(3.3)-(3.5) ïðè óñëîâèè (3.2) ìîæåò áûòü ïðåäñòàâëåíî â âèäå

u(x, t) = 〈Gt(t, x, ξ)u0(ξ)〉+ 〈G(t, x, ξ)u̇0(ξ)〉+

+J−10 (l0)

t∫
0

〈Gt(t− τ, x, ξ) ·M(t), b+ l0 − ξ)〉dτ +

t∫
0

(Gt(t− τ, x, ξ) · f(ξ, τ))L2(0,l0)
dτ, (3.6)

ãäå

G(t, x, ξ) =
∞∑
n=1

ω−1n (l0)sin(ωn(l0)t) · vn(x, l0) · vn(ξ, l0)

íåïðåðûâíàÿ ïî ñîâîêóïíîñòè ïåðåìåííûõ ôóíêöèÿ, êîòîðàÿ íàçûâàåòñÿ ôóíêöèåé Ãðèíà

íà÷àëüíî-êðàåâîé çàäà÷è (2.1)-(2.4).

Ïîñòðîèì ôîðìóëó, îïðåäåëÿþùóþ ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è (3.1)-(3.4) â ñëó-

÷àå ïåðåìåííîãî l(t), àíàëîãè÷íóþ (3.6). Ïîëîæèì l(t) = l0l1(t), l0 = l(0) è âûïîëíèì â (3.5)

çàìåíó ïåðåìåííîé x = l1(t)ξ, 0 ≤ ξ ≤ l0, ââåäÿ â ðàññìîòðåíèå ôóíêöèþ v(ξ, t) = u(l1(t)ξ, t).

Òàêèì îáðàçîì, îò îáëàñòè ñ ïåðåìåííîé ãðàíèöåé ïåðåøëè ê îáëàñòè ñ ïîñòîÿííîé ãðàíèöåé

Ql0T = {(ξ, t), 0 ≤ ξ ≤ l0, 0 ≤ t ≤ T}. Ïåðåñ÷èòàåì ïðîèçâîäíûå

ut = vξ ξ̇ + vt = −vξξl−11 (t)l̇1(t) + vt,

utt = vξξ ξ̇
2 + vξ ξ̈ + 2vξtξ̇ + vtt = vξξξ

2l̇21(t) · l−21 (t) + vξξ(2l̇21(t)− l1(t)l̈1(t))l−21 (t)−

−2vξtξl̇1(t)l
−1
1 (t) + vtt = L (ξ, vξξ, vξt, vξ, l1(t)) + vtt,

uxxxx = vξξξξl
−4
1 (t). (3.7)

Ââåäÿ äåéñòâóþùèé â L2(0, l0) îïåðàòîð

A(l1(t))v ≡ v(ξ)− J−1(l1(t))l1(t) [b+ l1(t)(l0 − ξ)]
l0∫

0

[b+ l1(t)(l0 − ξ)] v(ξ)dξ,

çàïèøåì ñ ó÷åòîì (3.7) óðàâíåíèå (3.5) â ñëåäóþùåì âèäå

A(l1(t)) (vtt + L (ξ, vξξ, vξt, vξ, l1(t))) + l−41 (t)vξξξξ = J−1(l(t)) [b+ l1(t)(l0 − ξ)]M(t) + f(ξ, t),

(3.8)

ãäå f(ξ, t) = f(l1(t)ξ, t). Êðàåâûå è íà÷àëüíûå óñëîâèÿ äëÿ v(ξ, t) ïðèìóò âèä

vξξ(0, t) = vξξξ(0, t) = 0, vξ(l0, t) = v(l0, t) = 0, (3.9)

v(ξ, 0) = u0(ξ), vt(ξ, 0) = u̇0(ξ). (3.10)
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Ââåäåì â ðàññìîòðåíèå ôóíêöèè âèäà

z(x, t) ∈ H2(Ql0T ), z(x, T ) ≡ 0. (3.11)

Óìíîæèì (3.8) íà z(x, t) è ïðîèíòåãðèðóåì ïî (x, t) â îáëàñòè Ql0T ñ ó÷åòîì (3.8), (3.10).

Â ðåçóëüòàòå ïîëó÷èì ðàâåíñòâî

T∫
0

{− (vt(ξ, t), (A(l1(t))z(ξ, t))t)L2(0,l0)
− (L (ξ, vξξ, vξt, vξ, l1(t)) , (A(l1(t)), z(ξ, t))t) +

+ (vξξ(ξ, t), zξξ(ξ, t))L2(0,l0)
· l−41 (t)− (J(l(t)) · [b+ l1(t)(l0 − ξ)]M(t), z(ξ, t))L2(0,l0)

−

− (f(ξ, t) · z(ξ, t))L2(0,l0)
}dt+ (A(l0) · u̇0(ξ), z(ξ, 0))L2(0,l0)

= 0 (3.12)

Ïîä ðåøåíèåì íà÷àëüíî-êðàåâîé çàäà÷è (3.8)-(3.10) áóäåì ïîíèìàòü ôóíêöèþ v(ξ, t) ∈

H2(Ql0T ), (v(ξ, 0) = u0(ξ)) è óäîâëåòâîðÿþùóþ ðàâåíñòâó (3.12) äëÿ ëþáîé ôóíêöèè (3.11).

Ïîêàæåì, ÷òî ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è (3.8)-(3.10) ñóùåñòâóåò è åäèíñòâåííî.

Ïîñòðîåíèå ðåøåíèÿ ðàçîáüåì íà íåñêîëüêî ýòàïîâ. Ïîñòðîèì ñíà÷àëà ðåøåíèå íà÷àëüíî-

êðàåâîé çàäà÷è

A(l1(t))vtt + l−41 (t)vξξξξ = 0, (3.13)

vξξ(0, t) = vξξξ(0, t) = 0, vξ(0, t) = v(0, t) = 0, (3.14)

v(ξ, 0) = u0(ξ), vt(ξ, 0) = u̇0(ξ). (3.15)

Â ýòîì ñëó÷àå ñîîòíîøåíèå (3.12) ïðèìåò âèä

T∫
0

[
− (vt(ξ, t), (A(l1(t))z(ξ, t))t)L2(0,l0)

+ l−41 (t) (vξξ(ξ, t), zξξ(ξ, t))L2(0,l0)

]
dt+

+ (A(l0) · u̇0(ξ), z(ξ, 0))L2(0,l0)
= 0 (3.16)

Ðàçîáüåì îòðåçîê [0, T ] íà N ÷àñòåé øèðèíû 4t = T/N è îáîçíà÷èì tj = 4tj, j =

0, 1, ...N. Ñîîòíîøåíèå (3.16) çàìåíèì ñîîòíîøåíèåì

N∑
j=1

tj∫
tj−1

[−
(
vjt (ξ, t), (A(l(tj))z(ξ, t))t

)
L2(0,l0)

+ l−41 (t)
(
vjξξ(ξ, t), zξξ(ξ, t)

)
L2(0,l0)

]dt+O(4t) = 0,

(3.17)

êîòîðîå ñ ó÷åòîì âèäà îïåðàòîðà A(l1(t)) è ñâîéñòâ l1(t) âûïîëíÿåòñÿ ðàâíîìåðíî îòíîñèòåëü-

íî ðàçáèåíèÿ îòðåçêà [0, T ]. Íà êàæäîì îòðåçêå Tj+1 = [tj, tj+1] ðåøåíèå ñòðîèòñÿ ñîãëàñíî

èçëîæåííîé â ãëàâå 2 ñõåìå ïî ôîðìóëå (3.6). Ïðè ýòîì çà íà÷àëüíûå óñëîâèÿ ðåøåíèÿ ïðè-

íèìàåòñÿ çíà÷åíèå ðåøåíèÿ vj−1(ξ, tj) è v
j−1
t (ξ, tj), ïîëó÷åííîãî íà ïðåäûäóùåì îòðåçêå. Ýòè
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ôóíêöèè ïðèíàäëåæàò H2 è H ñîîòâåòñòâåííî. Ðåøåíèå vj(ξ, t) ∈ H2(Ql0Tj+1
). Ñîãëàñíî (2.24)

ñïðàâåäëèâà îöåíêà

‖vj(ξ, t)‖2H2(Ql0Tj+1
) ≤ 4t

(
‖vj−1(ξ, tj)‖2H2

+ ‖vj−1t (ξ, tj)‖2H
)

èç (2.27 ) è (2.28 ) òàêæå ñëåäóåò, ÷òî

‖vj−1(ξ, tj)‖2H2
+ ‖vj−1t (ξ, tj)‖2H = ‖vj−1(ξ, tj−1)‖2H2

+ ‖vj−1t (ξ, tj−1)‖2H .

Ïðîäîëæàÿ ýòîò ïðîöåññ ïî ñëîÿì, ïîëó÷èì, ÷òî

‖vj(ξ, t)‖2H2(Ql0Tj+1
) ≤ 4t

(
‖u0(ξ)‖2H2

+ ‖u̇0(ξ)‖2H2

)
. (3.18)

Îòñþäà ñëåäóåò, ÷òî äëÿ ïðÿìîé ñóììû ôóíêöèé

v4t(ξ, t) =
N∑
j=1

vj(ξ, t),

îïðåäåëåííîé â Ql0T è óäîâëåòâîðÿþùåé ñîîòíîøåíèþ (3.17), ñïðàâåäëèâà îöåíêà

‖v4t(ξ, t)‖2
H2(Ql0T )

≤ T
(
‖u0(ξ)‖2H2

+ ‖u̇0(ξ)‖2L2(0,l0)

)
. (3.19)

Óñòðåìëÿÿ òåïåðü 4t→ 0, ïîëó÷èì ôóíêöèþ v∗(ξ, t),êîòîðàÿ óäîâëåòâîðÿåò èíòåãðàëü-

íîìó ðàâåíñòâó (3.16) äëÿ ëþáîé z(ξ, t) âèäà (3.11), ò. å. ÿâëÿåòñÿ ðåøåíèåì (3.13)-(3.15).

Èç (3.19) ñëåäóåò òàêæå åäèíñòâåííîñòü ðåøåíèÿ è íåïðåðûâíàÿ çàâèñèìîñòü îò íà÷àëüíûõ

óñëîâèé.

Ðàññìîòðèì íà÷àëüíî-êðàåâóþ çàäà÷ó (3.14)-(3.15) äëÿ óðàâíåíèÿ

A(l1(t)) (vtt + L(ξ, vξξ, vξt, vξ, l1(t)) + l−41 (t)vξξξξ = 0. (3.20)

Ðåøåíèå ýòîé íà÷àëüíî-êðàåâîé çàäà÷è îïðåäåëÿåòñÿ èç èíòåãðàëüíîãî ñîîòíîøåíèÿ

T∫
0

[− (vt(ξ, t), (A(l1(t))z(ξ, t))t)L2(0,l0)
+ 2

(
vξ(ξ, t), (ξl̇1(t)l

−1
1 (t)A(l1(t))z(ξ, t))t

)
L2(0,l0)

+

+
(
vξξξ

2l̇21(t1)l
−2
1 (t1) + vξξ(2l̇

2
1(t)− l1(t)l̈1(t1))l−21 (t1), z(ξ, t)

)
L2(0,l0)

+

+ (vξξ(ξ, t), zξξ(ξ, t))L2(0,l0)
+ (A(l0) · u̇0(ξ), z(ξ, 0))L2(0,l0)

= 0, (3.21)

êîòîðîå äîëæíî âûïîëíÿòüñÿ ïðè ëþáîé ôóíêöèè z(ξ, t) âèäà (3.11). Ïðè ýòîì v(ξ, 0) = u0(ξ).

Äëÿ êðàòêîñòè èçëîæåíèÿ ðàññìîòðèì ïîñòðîåíèå ðåøåíèÿ (3.14)-(3.15), (3.22) äëÿ îäíî-

ãî ñëàãàåìîãî vξξ(ξ, l)l̇
2
1(t)l

−2
1 (t), âõîäÿùåãî â îïåðàòîð L(·), ò.å. ðàññìîòðèì íà÷àëüíî-êðàåâóþ

çàäà÷ó

A(l1(t))vtt + l−41 (l1)vξξξξ = −A(l1(t))vξξ(ξ, t)l̇
2
1(t)l

−2
1 (t), (3.22)
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vξξ(0, t) = vξξξ(0, t) = 0, vξ(l0, t) = v(l0, t) = 0, (3.23)

v(ξ, 0) = u0(ξ), vt(ξ, 0) = u̇0(ξ). (3.24)

Îáîçíà÷èì ÷åðåç w(ξ, t, τ) ðåøåíèå âñïîìîãàòåëüíîé êðàåâîé çàäà÷è

A(l1(t))wtt + l−4(l1)wξξξξ = 0, (3.25)

wξξ(0, t, τ) = wξξξ(0, t, τ) = 0, w(l0, t, τ) = wξ(l0, t, τ) = 0, (3.26)

w(ξ, τ, τ) = 0, wt(ξ, τ, τ) = −A(l1(τ)) · vξξ(ξ, τ). (3.27)

â îáëàñòè Ql0T,τ = {0 ≤ ξ ≤ l0, 0 ≤ τ ≤ t ≤ T}, ñ÷èòàÿ vξξ(ξ, τ) èçâåñòíîé ôóíêöèè,

ïðèíàäëåæàùåé ïðè êàæäîì ôèêñèðîâàííîì t ïðîñòðàíñòâó H è íåïðåðûâíóþ â ìåòðèêå

ýòîãî ïðîñòðàíñòâà.

Îòìåòèì, ÷òî äëÿ w(ξ, t, τ) ñîãëàñíî (3.19) ñïðàâåäëèâà îöåíêà

‖w(ξ, τ, τ)‖2H2(Ql0T,τ )
=

T∫
τ

(
‖wt‖2L2(0,l0)

+ ‖wξξ‖2L2(0,l0)

)
dt ≤ T‖A(l1(τ)) · vξξ(ξ, τ)‖2L2(0,l0)

. (3.28)

Ðåøåíèå (3.22)-(3.24) ìîæåò áûòü ïðåäñòàâëåíî â âèäå

v(ξ, t) = v∗(ξ, t) +

t∫
0

w(ξ, t, τ)l̇21(τ)l−21 (τ)dτ, (3.29)

ãäå v∗(ξ, t) - ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è (3.13)-(3.15), â ÷åì ëåãêî óáåäèòüñÿ íåïîñðåä-

ñòâåííîé ïîäñòàíîâêîé.

Äëÿ íàõîæäåíèÿ v(ξ, t) èç (3.29) ïîñòðîèì èòåðàöèîííûé ïðîöåññ

A(l1(t))v
(k+1)
tt + l−41 (t)v

(k+1)
ξξξξ = −A(l1(t))v

(k)
ξξ (ξ, t) · l̇21(t) · l−21 (t), (3.30)

v
(k+1)
ξξ (0, t) = v

(k+1)
ξξξ (0, t) = 0, v(k+1)(l0, τ) = v

(k+1)
ξ (l0, τ) = 0, (3.31)

v(k+1)(ξ, 0) = u0(ξ), v
(k+1)
t (ξ, 0) = u̇0(ξ), k = 0, 1, ..., v0(ξ, t) ≡ 0. (3.32)

Èç (3.29) èìååì

α(k+1)(ξ, t) = v(k+1)(ξ, t)− v(k)(ξ, t) =

t∫
0

(
w(k+1)(ξ, τ, τ)− wk(ξ, τ, τ)

)
l̇21(τ) · l−21 (τ)dτ,

ãäå wk(ξ, τ, τ) ðåøåíèå (3.25)-(3.27), îòâå÷àþùåå vkξξ(ξ, t). Ñîãëàñíî (3.28)

‖α(k+1)
t (ξ, t)‖2L2(0,l0)

+ ‖α(k+1)
ξξ (ξ, t)‖L2(0,l0) = TA∗L∗

t∫
0

(
‖αkt (ξ, t)‖2L2(0,l0)

+ ‖αkξξ(ξ, t)‖2L2(0,l0)

)
dτ.
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Çäåñü A∗ = max
t
‖A(l1(t))‖2∗, ãäå ‖·‖∗ íîðìà ëèíåéíîãî îãðàíè÷åííîãî îïåðàòîðà âH,L∗ =

max
t
|l̇21(t) · l−21 (t)|.

Îáîçíà÷èì ÷åðåç K = max
t

(
‖α1

t (ξ, t)‖2L2(0,l0)
+ ‖α1

ξξ(ξ, t)‖2L2(0,l0)

)
= max

t
(‖v∗t (ξ, t)‖2L2(0,l0)

+

‖v∗ξξ(ξ, t)‖2L2(0,l0)
). Òîãäà èìååì

‖α2
t (ξ, t)‖2L2(0,l0)

+ ‖α2
ξξ(ξ, t)‖2L2(0,l0)

≤ KTA∗L∗t, ...

‖α(k+1)
t (ξ, t)‖L2(0,l0) + ‖α(k+1)

ξξ (ξ, t)‖L2(0,l0) ≤ (KTA∗L∗t)
k/k!.

Îòñþäà ‖v(k+1)(ξ, t)− v(k)(ξ, t)‖H2(Ql0T )
→ 0 ïðè k → 0. Ýòî îáåñïå÷èâàåò ôóíäàìåíòàëü-

íîñòü ïîñëåäîâàòåëüíîñòè ôóíêöèé v(k)(ξ, t) â H2(Ql0T ) è ñõîäèìîñòü ê íåêîòîðîé ôóíêöèè

v∗∗(ξ, τ), êîòîðàÿ ÿâëÿåòñÿ ðåøåíèåì íà÷àëüíî-êðàåâîé çàäà÷è (3.30)-(3.32).

Â îáùåì ñëó÷àå ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è (3.14)-(3.15), (3.22) çàïèøåì â âèäå

v∗(ξ, t; l1) = w0(ξ, t; l1) + w1(ξ, t; l1), (3.33)

ïîä÷åðêíóâ ôóíêöèîíàëüíóþ çàâèñèìîñòü ðåøåíèÿ îò ôóíêöèè l1(t). Çäåñü w
0(ξ, t; l1), w

1(ξ, t; l1)

- ðåøåíèÿ, îòâå÷àþùèå íà÷àëüíûì óñëîâèÿì: w0(ξ, 0; l1) = u0(ξ); w
0
t (ξ, 0; l1) = 0, à w1(ξ, 0; l1) =

0; w1
t (ξ, 0; l1) = u̇0(ξ).

Ðàññìîòðèì òåïåðü íà÷àëüíî-êðàåâóþ çàäà÷ó

A(l1(t)) (vtt + L(ξ, vξξ, vξt, vξ, l1(t)) + l−41 (t)vξξξξ = J(l(t))[b+ l1(t)(l0 − ξ)]M(t), (3.34)

vξξ(0, t) = vξξξ(0, t) = 0, v(l0, τ) = vξ(l0, τ) = 0, (3.35)

v(ξ, 0) = 0, vt(ξ, 0) = 0, (3.36)

ðåøåíèå êîòîðîé îïðåäåëÿåòñÿ èç èíòåãðàëüíîãî ñîîòíîøåíèÿ

T∫
0

{− (vt(ξ, t) + L (ξ, vξξ, vξt, vξ, l1(t)) , (A(l1(t))z(ξ, t))t)L2(0,l0)
+ l−41 (t) (vξξ(ξ, t), zξξ(ξ, t)))L2(0,l0)

−

− (J(l(t))[b+ l1(t)(l0 − ξ)]M(t), z(ξ, t))L2(0,l0)
}dt = 0, (3.37)

âûïîëíÿåìîãî äëÿ ëþáîé ôóíêöèè z(ξ, t) âèäà (3.11). Ïðè ýòîì v(ξ, 0) ≡ 0, vt(ξ, 0) ≡ 0.

Ðàññìîòðèì âñïîìîãàòåëüíóþ êðàåâóþ çàäà÷ó äëÿ ôóíêöèè w(ξ, t, τ) â îáëàñòè Ql0Tτ

A(l1(t)) (wtt + L(ξ, wξξ, wξt, wξ, l1(t)) + l−41 (t)wξξξξ = 0, (3.38)

wξξ(0, t, τ) = wξξξ(0, t, τ) = 0, w(l0, τ) = wξ(l0, τ) = 0, (3.39)
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w(ξ, τ, τ) = 0, wt(ξ, τ, τ) = J(l(τ))[b+ l1(τ)(l0 − ξ)]. (3.40)

Ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è (3.38)-(3.40) w(ξ, t, τ ; l1) ñòðîèòñÿ àíàëîãè÷íî ðåøå-

íèþ íà÷àëüíî-êðàåâîé çàäà÷è (3.14)-(3.15),(3.22) äëÿ êàæäîãî τ â îáëàñòè 0 ≤ τ ≤ t ≤ T.

Ïðè ýòîì äëÿ ðåøåíèÿ ñïðàâåäëèâà îöåíêà âèäà (3.19). Íåïîñðåäñòâåííîé ïîäñòàíîâêîé ïðî-

âåðÿåòñÿ, ÷òî ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è (3.34)-(3.36) ñ ó÷åòîì (3.37) îïðåäåëÿåòñÿ

ôîðìóëîé

v(ξ, τ) =

t∫
0

w(ξ, t, τ ; l1)M(τ)dτ, (3.41)

Â (3.41) ïîä÷åðêíóòà ôóíêöèîíàëüíàÿ çàâèñèìîñòü ôóíêöèè w(∗) îò l1(t).

Àíàëîãè÷íî ðàññìàòðèâàåòñÿ íà÷àëüíî-êðàåâàÿ çàäà÷à

A(l1(t)) (vtt + L (ξ, vξξ, vξt, vξ, l1(t))) + l−4(l1)vξξξξ = f(ξ, t), (3.42)

vξξ(0, t) = vξξξ(0, t) = 0, vξξ(l0, t) = v(l0, t) = 0, (3.43)

v(ξ, 0) = 0, vt(ξ, 0) = 0. (3.44)

Íàéäÿ ðåøåíèå w∗(ξ, t, τ) âñïîìîãàòåëüíîé íà÷àëüíî-êðàåâîé çàäà÷è

A(l1(t)) (wtt + L (ξ, wξξ, wξt, wξ, l1(t))) + l−4(l1)wξξξξ = 0,

wξξ(0, t) = wξξξ(0, t) = 0, w(l0, t, τ) = wξ(l0, t, τ) = 0,

w(ξ, τ, τ) = 0, wt(ξ, τ, τ) = f(ξ, τ)

â îáëàñòè Ql0T,τ , ïîëó÷èì ðåøåíèå (3.42)-(3.44), êîòîðîå ïðåäñòàâèìî â âèäå

v(ξ, t) =

t∫
0

w∗(ξ, t, τ ; l1)dτ. (3.45)

Îáúåäèíÿÿ ïîñòðîåííûå ðåøåíèÿ ïîëó÷èì ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è (3.8)-(3.10),

êîòîðîå çàïèøåòñÿ ñîãëàñíî (3.33),(3.41),(3.45) â âèäå

v(ξ, t) = w0(ξ, t; l1) + w1(ξ, t; l1) +

t∫
0

w(ξ, t; t1; l1) ·M(t1)dt1 +

t∫
0

w∗(ξ, t, τ ; l1)dt1, (3.46)

êîòîðîå ÿâëÿåòñÿ åäèíñòâåííûì è íåïðåðûâíî çàâèñèò îò íà÷àëüíûõ óñëîâèé. Ýòèì äîêàçû-

âàåòñÿ êîððåêòíîñòü ïîñòàâëåííîé íà÷àëüíî-êðàåâîé çàäà÷è. Â (3.46) ïîä÷åðêíóòà ôóíêöè-

îíàëüíàÿ çàâèñèìîñòü îò ôóíêöèè l1(t).
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3.3. Ïðàêòè÷åñêèé ñïîñîá ïîñòðîåíèÿ ðåøåíèÿ íà÷àëüíî-êðàåâîé çà-

äà÷è (3.8)-(3.10)

Ïðèìåíèì ê îáåèì ÷àñòÿì óðàâíåíèÿ (3.5) èíòåãðàëüíûé îïåðàòîð

A−1(l)w ≡ w(x) + J−10 (l)(b+ l − x)

l∫
0

(b+ l − x1)w(x1)dx1,

ÿâëÿþùèéñÿ îáðàòíûì ê îïåðàòîðóA(l). Â ðåçóëüòàòå ïîëó÷èì ñëåäóþùóþ íà÷àëüíî-êðàåâóþ

çàäà÷ó

utt + uxxxx + J−10 (l)(b+ l − x)(buxxx(l, t) + uxx(l, t)) = J−10 (l)(b+ l − x)M(t) + f∗(x, t), (3.47)

uxx(0, t) = uxxx(0, t) = 0, ux(l, t) = u(l, t) = 0, (3.48)

u(x, 0) = u0(x), ut(x, 0) = u̇0(x) (3.49)

äëÿ îïðåäåëåíèÿ u(x, t). Â (3.7) f∗(x, t) = A−1(l(t))f(x, t). Â äàëüíåéøåì çíàê ∗ îïóñòèì.

Ïåðåéäåì â (3.47)-(3.49) îò ïåðåìåííûõ (x, t) ê ïåðåìåííûì (ξ, t), ξ = x/l1(t) è íîâîé

ôóíêöèè v(ξ, t) = u(ξl1(t), t). Ñ ó÷åòîì (3.7) ïîëó÷èì íà÷àëüíî-êðàåâóþ çàäà÷ó âèäà

vtt + Λ (vξξξξ, vξξξ, vξξ, vξt, vξ, l1(t)) = J−10 (l0l1(t)) [b+ l1(t)(l0 − ξ)]M(t) + f(ξ, t), (3.50)

vξξ(0, t) = vξξξ(0, t) = 0, vξ(l0, t) = v(l0, t) = 0, (3.51)

v(ξ, 0) = u0(ξ), vt(ξ, 0) = u̇0(ξ), (3.52)

ãäå

Λ(∗) = vξξξξl
−4
1 (t) + J−10 (l0l1(t)) [b+ l1(t)(l0 − ξ)] ·

(
bvξξξ(l0, t)l

−3
1 (t+vξξ(l0, t)l

−2
1 (t))

)
+vξξξ

2l̇21(t)l
−2
1 (t)− 2vξtξl̇1(t)l

−1
1 (t) + vξξ(2l̇

2
1(t) + l̈1l1(t))l

−2
1 (t),

f(ξ, t) ≡ f(l1(t)ξ, t).

Ââåäåì â ðàññìîòðåíèå ñëåäóþùèå ôóíêöèè

a. w0(ξ, t) è w1(ξ, t), îïðåäåëåííûå â Ql0T , ÿâëÿþùèåñÿ ðåøåíèÿìè ñëåäóþùèõ íà÷àëüíî-

êðàåâûõ çàäà÷

w0
tt + Λ

(
w0
ξξξξ, w

0
ξξξ, w

0
ξξ, w

0
ξt, w

0
ξ , l1(t)

)
= 0, (3.53)

w0
ξξ(0, t) = w0

ξξξ(0, t) = 0, w0
ξ(l0, t) = w0(l0, t) = 0, (3.54)

w0(ξ, 0) = u0(ξ), w
0
t (ξ, 0) = 0, (3.55)

w1
tt + Λ

(
w1
ξξξξ, w

1
ξξξ, w

1
ξξ, w

1
ξt, w

1
ξ , l1(t)

)
= 0, (3.56)
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w1
ξξ(0, t) = w1

ξξξ(0, t) = 0, w1
ξ(l0, t) = w1(l0, t) = 0, (3.57)

w1(ξ, 0) = 0, w1
t (ξ, 0) = u̇0(ξ), (3.58)

á. w(ξ, t, τ) è w∗(ξ, t, τ), îïðåäåëåííûå â îáëàñòè Ql0Tτ = {0 ≤ ξ ≤ l0, 0 ≤ τ ≤ T, τ ≤ t ≤

T} è ÿâëÿþùèåñÿ ðåøåíèÿìè ñëåäóþùèõ íà÷àëüíî-êðàåâûõ çàäà÷:

wtt + Λ (wξξξξ, wξξξ, wξξ, wξt, wξ, l1(t)) = 0, (3.59)

wξξ(0, t) = wξξξ(0, t) = 0, wξ(l0, t) = w(l0, t) = 0, (3.60)

w(ξ, τ, τ) = 0, wt(ξ, τ, τ) = J−10 (l0l1(τ)) [b+ l1(τ)(l0 − ξ)] , (3.61)

è

w∗tt + Λ
(
w∗ξξξξ, w

∗
ξξξ, w

∗
ξξ, w

∗
ξt, w

∗
ξ , l1(t)

)
= 0, (3.62)

w∗ξξ(0, t) = w∗ξξξ(0, t) = 0, w∗ξ(l0, t) = w∗(l0, t) = 0, (3.63)

w∗(ξ, τ, τ) = 0, w∗t (ξ, τ, τ) = f(ξ, τ). (3.64)

Ðåøåíèå (3.50)-(3.52) ìîæåò áûòü çàïèñàíî â âèäå

v(ξ, t) = w0(ξ, t) + w1(ξ, t) +

t∫
0

w(ξ, t, τ)M(τ)dτ +

t∫
0

w∗(ξ, t, τ)dτ, (3.65)

â ÷åì ëåãêî óáåäèòüñÿ íåïîñðåäñòâåííîé ïîäñòàíîâêîé (3.65) â (3.50)- (3.52).

Ðàññìîòðèì òåïåðü ñïîñîá ïîñòðîåíèÿ ôóíêöèé w(∗). Íà÷íåì ñ ôóíêöèè w(ξ, t, τ). Âû-

áåðåì â óðàâíåíèè (3.59) â êà÷åñòâå �ãëàâíîé ÷àñòè� óðàâíåíèå, ïîëó÷àþùååñÿ ïðè t → 0, è

çàïèøåì (3.59) â âèäå

wtt + Λ (wξξξξ, wξξξ, wξξ, 0, 0, l1(0)) = Λ (wξξξξ, wξξξ, wξξ, 0, 0, l1(0))−

−Λ (wξξξξ, wξξξ, wξξ, wξt, wξ, l1(t)) = Φ (wξξξξ, wξξξ, wξξ, wξt, wξ, l1(t))

èëè

wtt + wξξξξ + J−10 (b+ l0 − ξ)(bwξξξ(l0, t) + wξξ(l0, t)) =

= Φ (wξξξξ, wξξξ, wξξ, wξt, wξ, l1(t)) ,

ãäå

Φ(∗) ≡ wξξξξ(1− l−41 (t)) + wξξξ(l0, t)b{(b+ l0 − ξ)J−10 (l0)−

− [b+ l1(t)(l0 − ξ)] J−10 (l0l1(t))l
−3
1 (t)} − wξξ(l0, t){(b+ l0 − ξ)J−10 (l0)−

− [b+ l1(t)(l0 − ξ)] J−10 (l0l1(t))l
−2
1 (t)} − wξξξ2l̇21(t) · l−21 (t) + 2wξtξl̇1(t) · l−11 (t)−

−wξξ(2l̇21(t)− l1(t)l̈1(t))l−21 (t).
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Ðàññìîòðèì íà÷àëüíî-êðàåâóþ çàäà÷ó äëÿ óðàâíåíèÿ (3.59) ñ êðàåâûìè óñëîâèÿìè (3.60)

è íà÷àëüíûìè óñëîâèÿìè (3.61). Äëÿ ïîñòðîåíèÿ åå ðåøåíèÿ ðàññìîòðèì èòåðàöèîííûé ïðî-

öåññ

w
(k+1)
tt + w

(k+1)
ξξξξ + J−10 (b+ l0 − ξ)(bw(k+1)

ξξξ (l0, t) + w
(k+1)
ξξ (l0, t)) =

= Φ
(
w

(k)
ξξξξ, w

(k)
ξξξ, w

(k)
ξξ , w

(k)
ξt , w

(k)
ξ , l(0)

)
, (3.66)

w
(k+1)
ξξ (0, t) = w

(k+1)
ξξξ (0, t) = 0, w

(k+1)
ξ (l0, t) = w(k+1)(l0, t) = 0, (3.67)

w(k+1)(ξ, τ, τ) = 0, w
(k+1)
t (ξ, τ, τ) = J−10 (l0l1(τ)) [b+ l1(τ)(l0 − ξ)] , w0(ξ, t, τ) ≡ 0 (3.68)

â îáëàñòè Ql0Tτ .

Ðåøåíèÿ (3.66)- (3.68) áóäåì ñòðîèòü â âèäå ðÿäà

w(k)(ξ, t, τ) =
∞∑
n=1

ukn(t, τ) · vn(ξ, l0). (3.69)

Ñîîòâåòñòâåííî èìååì

w1(ξ, t, τ) =
∞∑
n=1

u1n(t, τ)vn(ξ, l0) =
∞∑
n=1

bn(τ)ω−1n (l0) sin(ωn(l0)(t− τ)) · vn(ξ, l0),

bn(τ) = 〈J−10 (l0l1(τ)) [b+ l1(τ)(l0 − ξ)] , vn(ξ, l0)〉. (3.70)

Äëÿ îïðåäåëåíèÿ u
(k+1)
n (t, τ) ïîëó÷èì ñëåäóþùóþ ïîñëåäîâàòåëüíîñòü äèôôåðåíöèàëü-

íûõ óðàâíåíèé âòîðîãî ïîðÿäêà

ü(k+1)
n +ω2

n(l0)u
(k+1)
n = f (k+1)

n (t, τ), u(k+1)
n (τ, τ) = 0, u̇(k+1)

n (τ, τ) = bn(τ) (0 ≤ τ ≤ t ≤ T ), (3.71)

ãäå

f (k+1)
n (t, τ) =

∞∑
m=1

{ukm(t, τ)[(1− l−41 (t))〈vIVm (ξ, l0), vn(ξ, l0)〉+

(
bJ−10 (l0l1(t))l

−2
1 (t)− bJ−10 (l0)

)
〈v′′′m(l0, l0)ξ, vn(ξ, l0)〉+

+b
(
(b+ l0)J

−1
0 (l0)− (b+ l0l1(t)) J

−1
0 (l0l1(t))l

−3
1 (t)

)
〈v′′′m(l0, l0), vn(ξ, l0)〉+

+
(
J−10 (l0l1(t))l

−1
1 (t)− J−10 (l0)

)
〈v′′n(l0, l0), vm(ξ, l0)〉+

+
(
(b+ l0)J

−1
0 (l0)− (b+ l0l1(t))J

−1
1 (l0l1(t)) · l−21 (t)

)
〈v′′m(l0, l0), vn(ξ, l0)〉−

−l̇21(t) · l−21 (t)〈vm(ξ, l0)ξ
2, vm(ξ, l0)〉 − (2l̇21(t)− l1(t)l̈1(t)) · l21(t)·

〈v′m(ξ, l0)ξ
2, vn(ξ, l0)〉] + 2u̇km(t, τ)l̇1(t)l

−1
1 (t)〈v′m(ξ, l0)ξ, vn(ξ, l0)〉}. (3.72)

Îòìåòèì, ÷òî ñîãëàñíî (2.12), (2.13)

〈vIVn (ξ, l0), vn(ξ, l0)〉 = ω2
n(l0)(1 +O(n−2)), 〈vIVm (ξ, l0), vn(ξ, l0) = O(n−1), n 6= m.〉 (3.73)
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Ïðè áîëüøèõ n â (3.72) ñëàãàåìîå, ñîäåðæàùåå ïåðâîå âûðàæåíèå èç (3.73), ÿâëÿåòñÿ

äîìèíèðóþùèì ñëàãàåìûì â (3.72). Ïîýòîìó ïðè áîëüøèõ n äîñòàòî÷íî ðàññìîòðåòü èòåðà-

öèîííûé ïðîöåññ

ü(k+1)
n + ω2

n(l0)u
(k+1)
n = (1− l−41 (t))u(k)n (t, τ)ω2

n(l0) + o(n−1), u0(t, τ) ≡ 0. (3.74)

ñ íà÷àëüíûìè óñëîâèÿìè (3.71).

Ïîêàæåì, ÷òî èòåðàöèîííûé ïðîöåññ (3.74) ñõîäèòñÿ. Èç (3.74) èìååì

ü(k+1)
n (t, τ) = bn(τ)ω−1n (l0) sin(ωn(l0)(t− τ))+

+ωn

t∫
τ

sin(ωn(l0)(t− t1)) · (1− l−41 (t1)) · ukn(t1, τ)dt1. (3.75)

Îòñþäà

u(k+1)
n (t, τ)− u(k)n (t, τ) = ωn(l0)

t∫
τ

sin(ωn(l0)(t− τ1))(1− l−41 (t1))·

·(ukn(t1, τ)− uk−1n (t1, τ))dτ1,

|u1n(t, τ)− u0n(t, τ)| = |bn(τ)ω−1n (l0) sin(ωn(l0)(t− τ))| ≤ |bn(τ)ω−1n (l0)|.

|u(2)n (t, τ)− u1n(t, τ)| ≤ L(t− τ) · |bn(τ)|,

ãäå L = max
τ≤t1≤T

|1− l−41 (t1)|.

Ñîîòâåòñòâåííî

|u(k+1)
n (t, τ)− u(k)n (t, τ)| ≤ Lkωk−1n (l0) ·

(t− τ)k

k!
· |bn(T )|.

Èç ýòîé îöåíêè ñëåäóåò ôóíäàìåíòàëüíîñòü ïîñëåäîâàòåëüíîñòè ôóíêöèé ukn(t, τ) â ïðî-

ñòðàíñòâå C[τ, T ] è ñëåäîâàòåëüíî ðàâíîìåðíàÿ ñõîäèìîñòü â ýòîì ôóíêöèîíàëüíîì ïðî-

ñòðàíñòâå.

Èç (3.75) èìååì

u(2)n (t, τ) = bn(τ)[ω−1n (l0) sin(ωn(l0)(t− τ))+

+

t∫
τ

sin(ωn(l0)(t− τ1))(1− l−41 (t1)) sin(ωn(l0)(t1 − τ))dt1]. (3.76)

Òàêèì îáðàçîì ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è (3.59)-(3.61) ìîæåò áûòü ïðåäñòàâëåíî

â âèäå

w(ξ, t, τ ; l1) =
∞∑
n=1

un(t, τ ; l1) · vn(ξ, l0). (3.77)
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Àíàëîãè÷íûì îáðàçîì ìîãóò áûòü ïîñòðîåíû ðåøåíèÿ íà÷àëüíî-êðàåâûõ çàäà÷ (3.53)-(3.55),

(3.56)-(3.58) è (3.62)-(3.64), êîòîðûå çàïèøåì â ñëåäóþùåì âèäå

w0(ξ, t; l1) =
∞∑
n=1

u0n(t; l1) · vn(ξ, l0), w
1(ξ, t; l1) =

∞∑
n=1

u1n(t; l1) · vn(ξ, l0),

w∗(t, ξ, τ ; l1) =
∞∑
n=1

u∗n(t, τ ; l1) · vn(ξ, l0). (3.78)

3.4. Àëãîðèòì ïîñòðîåíèÿ îïòèìàëüíûõ óïðàâëåíèé

Ïðåîáðàçóåì óðàâíåíèå (3.1) ñëåäóþùèì îáðàçîì. Ïîäñòàâèì utt èç (3.2) è ïîäñòàâèì â (3.1).

Â ðåçóëüòàòå èìååì

J(l)θ̈ −
l∫

0

(b+ l − x1)uxxxx(x1, t)dx1 −
l∫

0

(b+ l − x1)2dx1θ̈−

−
l∫

0

(b+ l − x1)f(x1, t)dx1 = [J(l)−
l∫

0

(b+ l − x1)2dx1]θ̈+

+(b+ l − x1)uxxx(x1, t)|l0 − uxx(l, t)−
l∫

0

(b+ l − x1)f(x1, t)dx1 =

= J0(l)θ̈ + buxxx(l, t)− uxx(l, t)−
l∫

0

(b+ l − x1)f(x1, t)dx1 = M(t). (3.79)

Ïåðåéäåì òåïåðü â (3.79) ê ôóíêöèè v(ξ, t) = u(l1(t)ξ, t) (l1(t) = l(t)/l0, 0 ≤ ξ ≤ l0). Â

èòîãå èìååì çàäà÷ó Êîøè äëÿ óðàâíåíèÿ

J0(l)θ̈ + bvξξξ(l0, t)l
−3
1 (t) + vξξ(l0, t)l

−2
1 (t)− l1(t)

l0∫
0

[b+ l1(t)(l0 − ξ)]f(ξ, t)dξ = M(t), (3.80)

θ(0) = θ0, θ̇(0) = θ̇0,

ãäå f(ξ, t) = f(l1(t)ξ, t), êîòîðîå ñîâìåñòíî ñ (3.50)- (3.52), (3.8)-(3.10) îïðåäåëÿåò äèíàìèêó

íà÷àëüíî-êðàåâîé çàäà÷è (3.1)- (3.4). Èç (3.80) íàõîäèì

θ(t) = θ0 + θ̇0t−
t∫

0

(t− t1){bvξξξ(l0; t1)l−31 (t1) + vξξ(l0; t)l
−2
1 (t))−

−l1(t1)
l0∫

0

[b+ l1(t1)(l0 − ξ)]f(ξ, t1)dξ −M(t1)} · J−10 (l(t1))dt1). (3.81)
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Ðàññìîòðèì ðåøåíèå çàäà÷ 1.1-1.4 îïòèìàëüíîãî óïðàâëåíèÿ ïîâåäåíèåì ðåøåíèé íà÷àëüíî-

êðàåâîé çàäà÷è (3.8)-(3.10) è íà÷àëüíîé çàäà÷è (3.80). Âûðàæåíèÿ (3.77), (3.78), (3.81), ïîçâî-

ëÿþò ñâåñòè ðàññìîòðåíèå ýòîé çàäà÷è ê ïðîáëåìå ìîìåíòîâ. Ïðåîáðàçóåì (3.81). Ðàññìîò-

ðèì ñíà÷àëà òó ÷àñòü ðåøåíèÿ v(ξ, t) â ïðåäñòàâëåíèè (3.46), âõîäÿùóþ â (3.81), êîòîðàÿ

îïðåäåëÿåòñÿ âûðàæåíèåì
t∫
0

w(ξ, t, t1; l1)M(t1)dt1. Ââåäÿ â ðàññìîòðåíèå ôóíêöèþ

Ψ1(T, t) =

t∫
0

(T − t1)J−10 (l(t1))l
−3
1 (t1)dt1, Ψ2(T, t) =

t∫
0

(T − t1)J−10 (l(t1))l
−2
1 (t1)dt1,

ïðåîáðàçóåì èíòåãðàëû, âõîäÿùèå â (3.81).

T∫
0

(T − t1)J−10 (l1(t1))l
−3
1 (t1)

t1∫
0

wξξξ(l0, T, t2; l1)M(t2)dt2dt1 =

=

T∫
0

Ψ′1(T, t1)

t1∫
0

wξξξ(l0, T, t2; l1)M(t2)dt2dt1 =

= Ψ1(T, T )

T∫
0

wξξξ(l0, T, t2; l1)M(t2)dt2 −
T∫

0

Ψ1(T, t2)wξξξ(l0, T, t2; l1)M(t2)dt2 =

=

T∫
0

(Ψ1(T, T )−Ψ1(T, t2))wξξξ(l0, T, t1; l1)M(t1)dt1,

T∫
0

(T − t1)J−10 (l(t1))l
−2
1 (t1)

t1∫
0

wξξ(l0, T, t2; l1)M(t2)dt2dt1 =

=

T∫
0

Ψ′2(T, t1)

t1∫
0

wξξ(l0, T, t2; l1)M(t2)dt2dt1 =

= Ψ2(T, T )

T∫
0

wξξ(l0, T, t2; l1)M(t2)dt2 −
T∫

0

Ψ2(T, t1)wξξ(l0, T, t1; l1)M(t1)dt1 =

=

T∫
0

(Ψ2(T, T )−Ψ2(T, t1))wξξ(l0, T, t1; l1)M(t1)dt1,

Èç (3.81) íàõîäèì

θ̇(t) = θ̇0 =

t∫
0

(b+ vξξξ(l0; t1)l
−3
1 (t1) + vξξ(l0; t1)l

−2
1 (t1))−

−l1(t1)
l0∫

0

[b+ l1(t1)(l0 − ξ)]f(ξ, t1)dξ −M(t1)) · J−10 (l(t1))dt1. (3.82)
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Ââåäåì â ðàññìîòðåíèå ôóíêöèè

Ψ3(T, t) =

t∫
0

J−10 (l1(t1))l
−3
1 (t1)dt1, Ψ4(T, t) =

t∫
0

J−10 (l1(t1))l
−2
1 (t1)dt1

è ïðåîáðàçóåì èíòåãðàëû, âõîäÿùèå â (3.82):

T∫
0

J−10 (l(t))l−31 (t1)

t∫
0

wξξξ(l0, T, t1; l1)M(t1)dt1dt =

T∫
0

Ψ′3(t)

t1∫
0

wξξξ(l0, T, t1; l1)M(t1)dt1dt =

= Ψ3(T )

T∫
0

wξξξ(l0, T, t1; l1)M(t1)dt1 −
T∫

0

Ψ3(t1)wξξξ(l0, T, t1; l1)M(t1)dt1 =

=

T∫
0

Ψ3(T )−Ψ3(t1)wξξξ(l0, T, t1; l1)M(t1)dt1,

T∫
0

J−10 (l(t1))l
−2
1 (t1)

t∫
0

wξξ(l0, T, t1; l1)M(t1)dt1dt =

T∫
0

Ψ′4(T, t1)

t1∫
0

wξξ(l0, T, t1; l1)M(t1)dt1dt =

= Ψ4(T )

T∫
0

wξξ(l0, T, t1; l1)M(t1)dt1 −
T∫

0

Ψ4(t1)wξξ(l0, T, t1; l1)M(t1)dt1 =

=

T∫
0

(Ψ4(T )−Ψ4(t1))wξξ(l0, T, t1; l1)M(t1)dt1,

Àíàëîãè÷íûì îáðàçîì ïðåîáðàçóåòñÿ ÷àñòü ðåøåíèÿ v(ξ, t), âõîäÿùàÿ â (3.81),(3.82), êî-

òîðàÿ îïðåäåëÿåòñÿ ôóíêöèåé
t∫
0

w∗(ξ, t, τ ; l1)dτ â ïðåäñòàâëåíèè (3.46). Ñ ó÷åòîì ýòîãî óñëî-

âèÿ ïåðåâîäà òðàåêòîðèè θ(t), θ̇(t) èç íà÷àëüíîãî ñîñòîÿíèÿ θ0, θ̇0 â êîíå÷íîå θT , θ̇T â ìîìåíò

âðåìåíè T ìîæåò áûòü çàïèñàíî â ñëåäóþùåì âèäå

T∫
0

Q1(T, t; l1)M(t)dt = θ̇T − θ̇0 + b1(T ; l1) = α1(T ; l1), (3.83)

T∫
0

Q2(T, t; l1)M(t)dt = θT − θ0 − θ̇0 + b2(T ; l1) = α2(T ; l1), (3.84)

46



ãäå

Q1(T, t; l1) = J−10 (l(t)) + b(Ψ3(t)−Ψ3(T )) · wξξξ(l0, T, t; l1)+

+(Ψ4(t)−Ψ4(T )) · wξξ(l0, T, t; l1),

Q2(T, t; l1) = J−10 (l(t))(T − t) + b(Ψ1(T, t)−Ψ1(T, T )) · wξξξ(l0, T, t; l1)+

+(Ψ2(T, t)−Ψ2(T, T )) · wξξ(l0, T, t; l1),

b1(T ; l1) =

T∫
0

{b(Ψ3(T )−Ψ3(t))w
∗
ξξξ(l0, T, t; l1)+

+(Ψ4(T )−Ψ4(t)) · w∗ξξ(l0, T, t; l1) + [b(w0
ξξξ(l0, t; l1) + w1

ξξξ(l0, t; l1))l
−3
1 (t)+

+(w0
ξξ(l0, t; l1) + w1

ξξ(l0, t; l1))l
−2
1 (t) + l1(t)

l0∫
0

[b+ l1(t)(l0 − ξ)]f(ξ, t)dξ]J−10 (l(t))}dt,

b2(T ; l1) =

T∫
0

{b(Ψ1(T, T )−Ψ1(T, t))wξξξ(l0, T, t; l1)+

+(Ψ2(T, T )−Ψ2(T, t)) · wξξ(l0, T, t; l1) + (T − t)[b(w0
ξξξ(l0, t; l1) + w1

ξξξ(l0, t; l1))l
−3
1 (t)+

+(w0
ξξ(l0, t; l1) + w1

ξξ(l0, t; l1))l
−2
1 (t) + l1(t)

l0∫
0

[b+ l1(t)(l0 − ξ)]f(ξ, t)dξ]J−10 (l(t))}dt.

Ïðåäñòàâèì

u0(ξ) =
∞∑
0

v0nvn(ξ, l0), v0n = 〈u0(ξ), vn(ξ, l0)〉, u̇0(ξ) =
∞∑
0

v̇0nvn(ξ, l0), v̇0n = 〈u̇0(ξ), vn(ξ, l0)〉,

vT (ξ) =
∞∑
0

vTnvn(ξ, l0), vTn = 〈vT (ξ), vn(ξ, l0)〉, v̇T (ξ) =
∞∑
0

v̇Tnvn(ξ, l0), v̇Tn = 〈v̇T (ξ), vn(ξ, l0)〉

è äîïîëíèì óñëîâèÿ (3.83), (3.84) óñëîâèÿìè ïåðåâîäà ðåøåíèé íà÷àëüíî-êðàåâîé çàäà÷è

(3.8)-(3.10) èç íà÷àëüíîãî ñîñòîÿíèÿ u0(ξ), u̇0(ξ) â êîíå÷íîå vT (ξ) è v̇T (ξ) â ìîìåíò âðåìåíè

T , âûðàæåííîå ñîãëàñíî (3.45) è (3.78) â âûïîëíåíèè ñëåäóþùèõ ñîîòíîøåíèé

T∫
0

Q2n+1(T, t; l1)M(t)dt =

T∫
0

un(T, t; l1)M(t)dt =

=

T∫
0

u∗n(T, t; l1)dt− u0n(T ; l1)− u1n(T ; l1) + vTn = α2n+1(T ; l1) (3.85)

T∫
0

Q2n+2(T, t; l1)M(t)dt =

T∫
0

u̇n(T, t; l1)M(t)dt =
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=

T∫
0

u̇∗n(T, t; l1)dt− u̇0n(T )− u̇1n(T ) + v̇Tn = α2n+2(T ; l1), n = 1, 2, ... (3.86)

Îòñþäà ñëåäóåò, ÷òî ðåøåíèå çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ ïîâåäåíèåì ðåøåíèé íà÷àëüíî-

êðàåâîé çàäà÷è (3.8) - (3.10) è óðàâíåíèÿ (3.80) ìîæåò áûòü ñâåäåíî ê ðåøåíèþ ñëåäóþùèõ

ïðîáëåì ìîìåíòîâ â ïðîñòðàíñòâàõ L2(0, T ) è L1(0, T ).

Â äàëüíåéøåì F2(u) è F1(u) ëèíåéíûå íåïðåðûâíûå ôóíêöèîíàëû â ïðîñòðàíñòâàõ

L2(0, T ) è L1(0, T ) ñîîòâåòñòâåííî. Âèä ôóíêöèîíàëîâ îïðåäåëåí â (2.43) è (2.48).

Ðåøåíèå çàäà÷è 1.1 äëÿ íà÷àëüíî-êðàåâîé çàäà÷è (3.8)-(3.10) è óðàâíåíèÿ (3.80) ñâîäèòñÿ

ê ðåøåíèþ ñëåäóþùåé ïðîáëåìû ìîìåíòîâ L2(0, T ).

Îïðåäåëèòü ôóíêöèîíàë âèäà (2.43), óäîâëåòâîðÿþùèé óñëîâèÿì

F2(Qj(T, t)) = αj(T ; l1), j = 1, 2, ... (3.87)

è èìåþùèé ìèíèìàëüíóþ íîðìó ‖F‖min = m2(T ).

Ðåøåíèå çàäà÷è 1.3 äëÿ íà÷àëüíî-êðàåâîé çàäà÷è (3.8)-(3.10) è óðàâíåíèÿ (3.80) ñâîäèòñÿ

ê ðåøåíèþ ñëåäóþùåé ïðîáëåìû ìîìåíòîâ â ïðîñòðàíñòâå L1(0, T ).

Îïðåäåëèòü ôóíêöèîíàë âèäà (2.48), óäîâëåòâîðÿþùèé óñëîâèÿì

F1(Qj(T, t)) = αj(T, l), j = 1, 2, ... (3.88)

è èìåþùèé ìèíèìàëüíóþ íîðìó ‖F1‖min = m1(T ).

Äëÿ ðåøåíèÿ çàäà÷ 1.2 è 1.4 íóæíî âûáðàòü ìèíèìàëüíûå T ∗, ïðè êîòîðûõ ñîîòâåòñòâåí-

íî m2(T ) è m1(T ) äîñòèãàþò çàäàííîãî çíà÷åíèÿ L è ïîñòðîèòü äëÿ ýòîãî T ∗ îïòèìàëüíûå

óïðàâëåíèÿM∗(t). Îòìåòèì, ÷òî ïðè ýòîìM∗(t) ÿâëÿþòñÿ ôóíêöèîíàëàìèM∗(t) = M∗(t; l1),

ïîçâîëÿþùèìè îäíîçíà÷íî îïðåäåëÿòü èñêîìûå v(ξ, t) è θ(t) ñîãëàñíî (3.46), (3.81). Ïîëîæèâ

â (3.46) ξ = x/l1(t), u(x, t, l1) = u(x, t, l/l0) = v(x1/l1(t); l1), ïîëó÷èì ðåøåíèå (3.1)-(3.4) â âèäå

θ(t) = θ0 + θ̇0t−
t∫

0

(t− t1)(buxxx(l(t1), t1; l1) + uxx(l(t1), t1; k1))+

+

l(t)∫
0

(b+ l(t1)− x)f(x, t1)dx−M(t1)) · J−10 (l(t1))dt1, (3.89)

u(x, t; l1) = u0(x, t; l1) + u1(x, t; l1) +

t∫
0

w∗(x, t, t1; l1)dt1 +

t∫
0

w(x, t, t1; l1))M(t1)dt1, (3.90)

ãäå u0(x, 0, l0) = u0(x), u1(x, 0, l0) = 0, u0t(x, 0, l0) = 0, u1t(x, 0, l0) = u̇0(x), w(∗), w∗(∗) -

íåïðåðûâíûå ôóíêöèè ñâîèõ ïåðåìåííûõ.
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4. Îïòèìàëüíîå óïðàâëåíèå ïîâåäåíèåì ðåøåíèé íà÷àëüíî-

êðàåâîé çàäà÷è (1.17)-(1.21)

4.1. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì ðåøåíèå çàäà÷ (1.1)-(1.4) äëÿ íà÷àëüíî-êðàåâîé çàäà÷è (1.17)-(1.21). Ðàñ-

ñìîòðèì ñíà÷àëà óðàâíåíèÿ (1.18), çàïèñàâ åãî â âèäå

l̈ − θ̇2(t)l = θ̇2(t)(b− 1/2) + F (t), (4.1)

ñ÷èòàÿ ôóíêöèþ θ̇(t) èçâåñòíîé, ïðèíàäëåæàùåé W 1
2 (0, T ) íåïðåðûâíîé ôóíêöèåé. Ðàññìîò-

ðèì ðåøåíèå ñëåäóþùèõ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ äëÿ óðàâíåíèÿ (4.1).

Çàäà÷à 4.1. à. Äëÿ çàäàííîé àáñîëþòíî íåïðåðûâíîé íà [0, T ] ôóíêöèè θ̇(t) íàéòè

ôóíêöèþ F2(t) ∈ L2(0, T ), ïåðåâîäÿùóþ ðåøåíèÿ óðàâíåíèÿ (4.1) èç íà÷àëüíîãî ñîñòîÿíèÿ â

êîíå÷íîå

l(0) = l0, l̇(0) = l̇0, l(T ) = lT , l̇(T ) = l̇T (4.2)

â çàäàííûé ìîìåíò âðåìåíè T è èìåþùóþ ìèíèìàëüíóþ íîðìó ‖Fθ(t)‖L2(0,T ).

á. Äëÿ çàäàííîé íåïðåðûâíîé íà [0, T ] ôóêíöèè θ̇(t) íàéòè ôóíêöèþ Fθ(t) ∈ L∞(0, T ),

ïåðåâîäÿùóþ ðåøåíèå (4.1) èç íà÷àëüíîãî ñîñòîÿíèÿ â êîíå÷íîå (4.2) â çàäàííûé ìîìåíò

âðåìåíè T è èìåþùóþ ìèíèìàëüíóþ íîðìó ‖Fθ(t)‖L∞(0,T ).

Çàäà÷à 4.2. à. Äëÿ çàäàííîé àáñîëþòíî íåïðåðûâíîé íà [0, T ] ôóíêöèè θ̇(t) íàéòè

ôóíêöèþ Fθ(t) ∈ L∞(0, T ), óäîâëåòâîðÿþùóþ óñëîâèþ ‖Fθ(t)‖L2(0,T ) < L è ïåðåâîäÿùóþ

ðåøåíèÿ (4.1) èç íà÷àëüíîãî ñîñòîÿíèÿ â êîíå÷íîå çà ìèíèìàëüíîå âðåìÿ T .

á. Äëÿ çàäàííîé íåïðåðûâíîé íà [0, T ] ôóíêöèè θ̇(t) íàéòè ôóíêöèþ Fθ(t) ∈ L2(0, T ),

óäîâëåòâîðÿþùóþ óñëîâèþ ‖Fθ(t)‖L∞(0,T ) < L è ïåðåâîäÿùóþ ðåøåíèÿ (4.1) èç íà÷àëüíîãî

ñîñòîÿíèÿ â êîíå÷íîå çà ìèíèìàëüíîå âðåìÿ T .

Ðåçóëüòàòû ãëàâû 2 äàþò ñëåäóþùåå ðåøåíèå ñôîðìóëèðîâàííûõ çàäà÷.

Îáîçíà÷èì l1(t; θ̇) è l2(t; θ̇) - ðåøåíèÿ óðàâíåíèÿ

l̈ − θ̇2(t)l = 0, (4.3)

ÿâëÿþùèåñÿ ôóíêöèîíàëàìè îò θ̇(t) è óäîâëåòâîðÿþùèå óñëîâèÿì l1(0; θ̇) = 1, l̇1(0; θ̇) =

0, l2(0; θ̇) = 0, l̇2(0; θ̇) = 1. Ââåäåì â ðàññìîòðåíèå ôóíêöèþ Êîøè: K(t, τ ; θ̇), (0 ≤ τ ≤

t ≤ T ), ÿâëÿþùóþñÿ ïî t ðåøåíèåì îäíîðîäíîé ÷àñòè óðàâíåíèÿ (4.3) è óäîâëåòâîðÿþùóþ

íà÷àëüíûì óñëîâèÿì K(τ, τ ; θ̇) = 0, K̇(τ, τ ; θ̇) = 1.
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Ñ íåîáõîäèìîñòüþ èìååì

K(t, τ ; θ̇) = (−l1(τ ; θ̇)l2(τ ; θ̇) + l2(t; θ̇)l1(τ ; θ̇))/w(τ ; θ̇),

w(τ ; θ̇) = l1(τ ; θ̇)l̇2(τ ; θ̇)− l2(τ ; θ̇)l̇1(τ ; θ̇) = w(0, l) = 1. (4.4)

Ñîãëàñíî [77, c.200] èìååì

l1(t; θ̇) = 1−
t∫

0

(t− t1)θ̇2(t1)dt1 +

t∫
0

(t− t1)θ̇2(t1)dt1

t1∫
0

(t1 − t2)θ̇2(t2)dt2 − ..., (4.5)

l2(t; θ̇) = t−
t∫

0

(t− t1)t1θ̇2(t1)dt1 +

t∫
0

(t− t1)θ̇2(t1)dt1

t1∫
0

t2(t1 − t2)θ̇2(t2)dt2 − ..., (4.6)

K(t, τ ; θ̇) = t− τ −
t∫

0

(t− t1)(t1 − τ)θ̇2(t1)dt1+

+

t∫
0

(t− t1)θ̇2(t1)dt1

t1∫
0

(t1 − t2)(t2 − τ)θ̇2(t2)dt2 − ..., (4.7)

K̇(t, τ ; θ̇) = 1−
t∫

0

(t1 − τ)θ̇2(t1)dt1+

+

t∫
0

θ̇2(t1)dt1

t1∫
0

(t2 − τ)(t1 − t2)θ̇2(t2)dt2 − ... (4.8)

Äëÿ ðåøåíèÿ (4.1) ñ íà÷àëüíûìè óñëîâèÿìè (4.2) è åãî ïðîèçâîäíîé èìååì âûðàæåíèÿ

l(t; θ̇) = l1(t; θ̇)l0 + l2(t; θ̇)l̇0 +

t∫
0

K(t, τ ; θ̇)
[
θ̇2(τ)(b− 1/2) + F (τ)

]
dτ, (4.9)

l̇(t; θ̇) = l̇1(t; θ̇)l0 + l̇2(t; θ̇)l̇0 +

t∫
0

K̇(t, τ ; θ̇)
[
θ̇2(τ)(b− 1/2) + F (τ)

]
dτ, (4.10)

Óñëîâèÿ ïåðåâîäà ðåøåíèÿ óðàâíåíèÿ (4.1) èç íà÷àëüíîãî ñîñòîÿíèÿ â êîíå÷íîå çàïèøåì

íà îñíîâàíèè (4.9)-(4.10)

α1(T ; θ̇) ≡ lT − l1(T ; θ̇) · l0 − l2(T ; θ̇)l̇0 − (b− 1/2)

T∫
0

K(T, τ ; θ̇)θ̇2(τ)dτ =

=

T∫
0

K(T, τ ; θ̇)F (τ)dτ, (4.11)
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α2(T ; θ̇) ≡ l̇T − l̇1(T ; θ̇) · l0 − l̈2(T ; θ̇)l̇0 − (b− 1/2)

T∫
0

K̇(T, τ ; θ̇)θ̇2(τ)dτ =

=

T∫
0

K̇(T, τ ; θ̇)F (τ)dτ. (4.12)

Ôóíêöèè ϕ1(τ ; θ̇) = K(T, τ ; θ̇) è ϕ2(τ ; θ̇) = K̇(T, τ ; θ̇) ñîãëàñíî (4.7), (4.8) ÿâëÿþòñÿ ëè-

íåéíî íåçàâèñèìûìè.

Çàäà÷à 4.1 ýêâèâàëåíòíà ðåøåíèþ ñëåäóþùåé çàäà÷è à. Íàéòè ìèíèìàëüíûé ïî íîðìå

ôóíêöèîíàë F (u) â ïðîñòðàíñòâå L2(0, T ) âèäà (2.43), óäîâëåòâîðÿþùèé óñëîâèÿì F (ϕj(τ ; θ̇)) =

αj(T ; θ̇) (j = 1, 2).

á. Íàéòè ìèíèìàëüíûé ïî íîðìå ôóíêöèîíàë F (u) â ïðîñòðàíñòâå L1(0, T ) âèäà (2.43),

óäîâëåòâîðÿþùèé óñëîâèÿì F (ϕj(τ ; θ̇)) = αj(T ; θ̇) (j = 1, 2).

Ðåøåíèÿ ñôîðìóëèðîâàííûõ ïðîáëåì ìîìåíòîâ ñóùåñòâóþò è íàõîäÿòñÿ â ñîîòâåòñòâèè

ñ îáùåé ñõåìîé ðåøåíèÿ ïðîáëåìû ìîìåíòîâ â ïðîñòðàíñòâàõ L2(0, T ) è L1(0, T ). Îòìåòèì,

÷òî ïðè ýòîì óïðàâëåíèÿ Fθ(t) îïðåäåëÿþòñÿ îäíîçíà÷íî è ÿâëÿþòñÿ íåëèíåéíûìè íåïðå-

ðûâíûìè ôóíêöèîíàëàìè îò θ̇2(t), ò.å. Fθ(t) = F (t; θ̇2). Ïîäñòàâèâ ýòè âûðàæåíèÿ â (4.1),

íàéäåì ðåøåíèÿ

l(t) = l(t; θ̇2), l̇(t) = lt(t; θ̇
2), (4.13)

óäîâëåòâîðÿþùèå óñëîâèÿì (4.2) äëÿ çàäà÷ 4.1à è 4.1á ñîîòâåòñòâåííî. Ïðè ýòîì ôóíêöèîíàë

l̇(t) = lt(t; θ̇
2) ÿâëÿåòñÿ ñîãëàñíî (4.10) àáñîëþòíî íåïðåðûâíîé ïî t ôóíêöèåé äëÿ ëþáîé

àáñîëþòíî íåïðåðûâíîé ôóíêöèè θ̇.

Ðåøåíèå çàäà÷è 4.2 òàêæå îïðåäåëÿåòñÿ îäíîçíà÷íî.

Ïðè ýòîì Tθ = T (θ̇2) è Fθ = F (t, θ̇2) ÿâëÿþòñÿ ãëàäêèìè íåëèíåéíûìè íåïðåðûâíûìè

ôóíêöèîíàëàìè îò θ̇2(t). Èñêîìîå ðåøåíèå l(t) = l(t, θ̇2) òàêæå ÿâëÿåòñÿ ãëàäêèì íåëèíåéíûì

ôóíêöèîíàëîì θ̇2(t) è l̇(t) = lt(t, θ̇
2) ÿâëÿåòñÿ àáñîëþòíî íåïðåðûâíîé ôóíêöèåé t äëÿ íîâîé

àáñîëþòíî íåïðåðûâíîé ôóíêöèè θ̇(t).

Ðàññìîòðèì òåïåðü ñëó÷àé àáñîëþòíî æåñòêîãî ñòåðæíÿ, ò.å. îáëàäàþùåãî áåñêîíå÷íî

áîëüøîé æåñòêîñòüþ - EI →∞. Â ýòîì ñëó÷àå èç (1.19) ñëåäóåò, ÷òî u(x, t) ≡ 0. Â ðåçóëüòàòå

èìååì ñëåäóþùóþ ñèñòåìó íåëèíåéíûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

J(l)θ̈ + 2l̇θ̇(b+ l − 1/2) = M(t), (4.14)

l̈ − θ̇2(b+ l − 1/2) = F (t) (4.15)

ñ íà÷àëüíûìè è êîíå÷íûìè óñëîâèÿìè

θ(0) = θ0, θ̇(0) = θ̇0, l(0) = l0, l̇(0) = l̇0,
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θ(T ) = θT , θ̇(T ) = θ̇T , l(T ) = lT , l̇(T ) = l̇T . (4.16)

Äëÿ (4.14)-(4.15) ðàññìîòðèì ðåøåíèÿ çàäà÷ 1.1 è 1.2 îïòèìàëüíîãî óïðàâëåíèÿ ïîâåäå-

íèåì ðåøåíèé. Ïðèâåäåì ðåøåíèå çàäà÷ 1.1 îòäåëüíî äëÿ óðàâíåíèÿ(4.14) è (4.15). Ñîãëàñíî

èçëîæåííîìó âûøå ðåøåíèþ çàäà÷ 1.1 äëÿ óðàâíåíèÿ (4.15) ëþáîé àáñîëþòíî íåïðåðûâíîé

íà [0, T ], ôóíêöèè θ̇(t) äàåòñÿ ôóíêöèîíàëàìè F (t, θ̇2) è (4.13). Ïîäñòàâèâ ýòè âûðàæåíèÿ â

(4.14), ïîëó÷èì óðàâíåíèå

θ̈ + 2J−1(lt(t; θ̇
2))[lt(t; θ̇

2)θ̇(b+ l(t, θ̇2)− 1/2)−M(t)] = 0, (4.17)

ñ íà÷àëüíûìè è êîíå÷íûìè óñëîâèÿìè (4.16) äëÿ îïðåäåëåíèÿ M(t) è θ(t), θ̇(t). Óñëîâèÿ

ïåðåâîäà ðåøåíèé (4.14) èç íà÷àëüíîãî ôàçîâîãî ñîñòîÿíèÿ â êîíå÷íîå â çàäàííûé ìîìåíò

âðåìåíè T çàïèøåì â âèäå

α1(T ) ≡ θ̇T − θ̇0 + 2

T∫
0

J−1(l(τ, θ̇2))lt(τ, θ̇
2)θ̇(t)(b+ l(τ, θ̇2)− 1/2)dτ =

=

T∫
0

J−1(l(τ, θ̇2))M(τ)dτ, (4.18)

α2(T ) ≡ θT − θ̇0T − θ0 + 2

T∫
0

(T − τ)J−1(l(τ, θ̇2))lt(τ, θ̇
2)θ̇(t)(b+ l(τ, θ̇2)− 1/2)dτ =

=

T∫
0

(T − τ)J−1(l(τ, θ̇2))M(τ)dτ. (4.19)

Ðàññìàòðèâàÿ òåïåðü θ̇(t) êàê çàäàííóþ àáñîëþòíî íåïðåðûâíóþ íà [0, T ] ôóíêöèþ, íà-

õîäèì ðåøåíèÿ ïðîáëåìû ìîìåíòîâ â ïðîñòðàíñòâàõ L2[0, T ] è L1[0, T ] äëÿ ôóíêöèîíàëîâ

(2.43)è (2.48) ñîîòâåòñòâåííî ïðè îãðàíè÷åíèÿõ (4.18)-(4.19). Â ðåçóëüòàòå ïîëó÷èì îïòè-

ìàëüíûå óïðàâëåíèÿ Mθ̇(t) = M(t; θ̇). Ïðè ýòîì M(t; θ̇) ÿâëÿþòñÿ íåëèíåéíûìè íåïðåðûâ-

íûìè â ìåòðèêàõ L2[0, T ] è L∞[0, T ] ñîîòâåòñòâåííî ôóíêöèîíàëàìè θ̇(t). Ïîäñòàâèâ M(t; θ̇)

â (4.17), ïîëó÷èì äèôôåðåíöèàëüíîå óðàâíåíèå äëÿ îïðåäåëåíèÿ θ(t). Èíòåãðèðóÿ ýòî óðàâ-

íåíèå ñ íà÷àëüíûìè óñëîâèÿìè (4.16), ïîëó÷èì îïòèìàëüíóþ òðàåêòîðèþ θ∗(t), θ̇∗(t), óäî-

âëåòâîðÿþùóþ óñëîâèÿì (4.16). Ýòà òðàåêòîðèÿ îäíîçíà÷íî îïðåäåëÿåò M∗(t) = M(t; θ̇), à

òàêæå l∗(t) = l(t; θ̇2), l̇∗(t), F ∗(t) = F (t; θ̇2).

Äëÿ ïðàêòè÷åñêîãî âû÷èñëåíèÿM∗(t), θ∗(t), θ̇∗(t), F ∗(t), l∗(t), l̇∗(t) óäîáíî âîñïîëüçîâàòü-

ñÿ ñëåäóþùèì èòåðàöèîííûì ïðîöåññîì

l̇n(t) = l̇0 +

t∫
0

[
θ̇2n−1(τ)(b+ ln−1(τ)− 1/2) + Fn(τ)

]
dτ, (4.20)

52



ln(t) = l0 + l̇0t+

t∫
0

(t− τ)
[
θ̇2n−1(τ)(b+ ln(τ)− 1/2) + Fn(τ)

]
dτ, (4.21)

θ̇n(t) = θ̇0 +

t∫
0

J−1(ln(τ))
[
−2l̇n−1(τ)θ̇n−1(τ)(b+ ln−1(τ)− 1/2) +Mn(τ)

]
dτ, (4.22)

θn(t) = θ0 + θ̇0t+

t∫
0

(t− τ)J−1(ln(τ))
[
−2l̇n−1(τ)θ̇n−1(τ)(b+ ln−1(τ)− 1/2) +Mn(τ)

]
dτ, (4.23)

l0(t) ≡ 0, θ0(t) ≡ 0, J(ln(τ)) = J + 1/3 + [b+ ln(τ)](b+ ln(τ)− 1).

Ïðè ýòîì Fn(t) è Mn(t) íàõîäÿòñÿ êàê ðåøåíèÿ ïðîáëåìû ìîìåíòîâ â ïðîñòðàíñòâàõ

L2[0, T ] è L1[0, T ] ïðè îãðàíè÷åíèÿõ

α
(n)
1 (T ) ≡ l̇T − l̇0 −

T∫
0

θ̇n−1(τ)(b+ ln−1(τ)− 1/2)dτ =

T∫
0

Fn(τ)dτ, (4.24)

α
(n)
2 (T ) ≡ lT − l0 − l̇0T −

T∫
0

(T − τ)θ̇2n−1(τ)(b+ ln−1(τ)− 1/2)dτ =

T∫
0

(T − τ)Fn(τ)dτ, (4.25)

α
(n)
3 (T ) ≡ θ̇T − θ̇0 + 2

T∫
0

J−1(l(τ))l̇n−1(τ)θ̇n−1(τ)(b+ l(τ)− 1/2)dτ =

=

T∫
0

J−1(ln(τ))Mn(τ)dτ, (4.26)

α
(n)
4 (T ) ≡ θT − θ0T − l̇0θ0 + 2

T∫
0

(T − τ)J−1(ln−1(τ))l̇t(τ)θ̇n−1(τ)(b+ l(τ)− 1/2)dτ =

=

T∫
0

(T − τ)J−1(ln(τ))Mn(τ)dτ. (4.27)

Ñõîäèìîñòü èòåðàöèîííîãî ïðîöåññà (4.20)-(4.26) ñëåäóåò èç ñõîäèìîñòè (4.20)-(4.21),

(4.24)-(4.25) äëÿ ëþáîé îãðàíè÷åííîé íà [0, T ] ôóíêöèè θ̇(t). Â ñâîþ î÷åðåäü, îãðàíè÷åííîñòü

θ̇(t) ñëåäóåò èç (4.22)-(4.23), (4.25)-(4.26) ñ ó÷åòîì âèäà J(ln(τ)), ïðèâåäåííîãî â (4.23).

Ðåøåíèå çàäà÷è 1.2 äëÿ (4.14)-(4.16) íàõîäèòñÿ ïî ñëåäóþåé ñõåìå. Äëÿ çàäàííîãî T > 0

îïðåäåëÿåòñÿ F ∗(t) è M∗(t). Âû÷èñëÿþòñÿ çíà÷åíèÿ Φ1(F
∗(t),M∗(t)),Φ2(F

∗(t),M∗(t)). Èç

ñâîéñòâ ïðîáëåìû ìîìåíòîâ ñëåäóåò, ÷òî lim
T→0

Φj(F
∗(t),M∗(t)) → ∞, lim

t→∞
Φj(F

∗(t),M∗(t)) →
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0, (j = 1, 2).Íàõîäèì ìèíèìàëüíîå T ∗, äëÿ êîòîðîãî Φ1(F
∗(t),M∗(t)) = L(Φ2(F

∗(t),M∗(t)) =

L). Òàêîå T ∗ è îïðåäåëÿåò ðåøåíèå çàäà÷è áûñòðîäåéñòâèÿ.

Ïðèìåð 4.1.

Â êà÷åñòâå ïðèìåðà ðàññìîòðèì ìåõàíè÷åñêóþ ñèñòåìó, ïðèâåäåííóþ â ïðèìåðå 2.1,

ñ÷èòàÿ ðóêó ìàíèïóëÿòîðà àáñîëþòíî æåñòêîé. Íà ðèñ. (4.1)-(4.12) äëÿ ðàçëè÷íûõ çíà÷åíèé

âðåìåíè T ïðèâåäåíû ãðàôèêè îïòèìàëüíûõ óïðàâëåíèéM∗(t), F ∗(t) (â áåçðàçìåðíûõ ïåðå-

ìåííûõ), îáåñïå÷èâàþùèõ ïîâîðîò ñèñòåìû íà óãîë π/2 è ïåðåâîäÿùèõ ðóêó ìàíèïóëÿòîðà

èç ïîëîæåíèÿ l0 = 0.5 â ïîëîæåíèå lT = 1 è íàîáîðîò ïðè íóëåâûõ îñòàëüíûõ íà÷àëüíûõ

è êîíå÷íûõ óñëîâèÿõ. Íà ðèñóíêàõ òàêæå ïðèâåäåíû ãðàôèêè ôóíêöèé θ(t), θ̇(t) è l(t), l̇(t).

Òóäà T1 L2
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Ðèñ. 4.1. Îïòèìàëüíûå óïðàâëåíèÿ â ïðîñòðàíñòâå L2 è ãðàôèêè ôóíêöèé l(t), l̇(t) è θ(t), θ̇(t)

äëÿ âðåìåíè T = 0.05 c
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Ðèñ. 4.2. Îïòèìàëüíûå óïðàâëåíèÿ â ïðîñòðàíñòâå L∞ è ãðàôèêè ôóíêöèé l(t), l̇(t) è θ(t), θ̇(t)

äëÿ âðåìåíè T = 0.05 c.

Ðèñ. 4.3. Îïòèìàëüíûå óïðàâëåíèÿ â ïðîñòðàíñòâå L2 è ãðàôèêè ôóíêöèé l(t), l̇(t) è θ(t), θ̇(t)

äëÿ âðåìåíè T = 0.05 c.
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Ðèñ. 4.4. Îïòèìàëüíûå óïðàâëåíèÿ â ïðîñòðàíñòâå L∞ è ãðàôèêè ôóíêöèé l(t), l̇(t) è θ(t),

θ̇(t) äëÿ âðåìåíè T = 0.05 c ïðè îáðòàíîì èçìåíåíèè äëèíû.
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Ðèñ. 4.5. Îïòèìàëüíûå óïðàâëåíèÿ â ïðîñòðàíñòâå L2 è ãðàôèêè ôóíêöèé l(t), l̇(t) è θ(t), θ̇(t)

äëÿ âðåìåíè T = 0.1 c.

Ðèñ. 4.6. Îïòèìàëüíûå óïðàâëåíèÿ â ïðîñòðàíñòâå L∞ è ãðàôèêè ôóíêöèé l(t), l̇(t) è θ(t), θ̇(t)

äëÿ âðåìåíè T = 0.1 c.
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Ðèñ. 4.7. Îïòèìàëüíûå óïðàâëåíèÿ â ïðîñòðàíñòâå L2 è ãðàôèêè ôóíêöèé è l(t), l̇(t) è

θ(t), θ̇(t) äëÿ âðåìåíè T = 0.1 c.
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Ðèñ. 4.8. Îïòèìàëüíûå óïðàâëåíèÿ â ïðîñòðàíñòâå L∞ è ãðàôèêè ôóíêöèé l(t), l̇(t) è θ(t), θ̇(t)

äëÿ âðåìåíè T = 0.1 c.

Ðèñ. 4.9. Îïòèìàëüíûå óïðàâëåíèÿ â ïðîñòðàíñòâå L2 è ãðàôèêè ôóíêöèé l(t), l̇(t) è θ(t), θ̇(t)

äëÿ âðåìåíè T = 0.2 c.
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Ðèñ. 4.10. Îïòèìàëüíûå óïðàâëåíèÿ â ïðîñòðàíñòâå L∞ è ãðàôèêè ôóíêöèé l(t), l̇(t) è

θ(t), θ̇(t) äëÿ âðåìåíè T = 0.2 c.
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Ðèñ. 4.11. Îïòèìàëüíûå óïðàâëåíèÿ â ïðîñòðàíñòâå L2 è ãðàôèêè ôóíêöèé l(t), l̇(t) è θ(t), θ̇(t)

äëÿ âðåìåíè T = 0.2 c.

Ðèñ. 4.12. Îïòèìàëüíûå óïðàâëåíèÿ â ïðîñòðàíñòâå L∞ è ãðàôèêè ôóíêöèé l(t), l̇(t) è

θ(t), θ̇(t) äëÿ âðåìåíè T = 0.2 c.
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4.2. Àëãîðèòì ïîñòðîåíèÿ îïòèìàëüíûõ óïðàâëåíèé ïîâåäåíèåì ðå-

ùåíèé íà÷àëüíî-êðàåâîé çàäà÷è (1.17)-(1.21)

Ðàññìîòðèì ñëó÷àé êîíå÷íîé æåñòêîé ðóêè ìàíèïóëÿòîðà, ò.å. EI 6=∞. Â ýòîì ñëó÷àå ïîâå-

äåíèå ìåõàíè÷åñêîé ñèñòåìû îïðåäåëÿåòñÿ íà÷àëüíî-êðàåâîé çàäà÷åé (1.17)-(1.21). Ðàññìîò-

ðèì ðåøåíèå çàäà÷ 1.1 è 1.3. Ðàññìîòðåâ îòäåëüíî óðàâíåíèÿ (1.18), ñîãëàñíî ï. 4.1 íàéäåì

äëÿ ëþáîé àáñîëþòíî íåïðåðûâíîé ôóíêöèè θ̇(t) äëÿ êàæäîé çàäà÷è íàéäåì îïòèìàëüíûå

óïðàâëåíèÿ, îïðåäåëåííûå ôóíêöèîíàëàìè âèäà Fθ(t) = F (t, θ̇2) è îïòèìàëüíûå ðåøåíèÿ,

âûðàæàåìûå ôóíêöèîíàëàìè (4.13). Ïîäñòàâèâ òåïåðü (4.13) â óðàâíåíèÿ (1.17) íà÷àëüíî-

êðàåâóþ çàäà÷ó (1.19)-(1.21) ïîëó÷èì íà÷àëüíî-êðàåâóþ çàäà÷ó âèäà (3.1)-(3.4), êîòîðàÿ ïî-

äðîáíî èçó÷åíà â ãëàâå 3. Ðåøåíèå çàäà÷ 1.1 è 1.2 äëÿ (3.1)-(3.4) äàåòñÿ ôóíêöèîíàëàìè

âèäà

M∗(t; l1) = M∗(t; l(t, θ̇2)/l0),

îïòèìàëüíûå ðåøåíèÿ îïðåäåëÿþòñÿ âûðàæåíèÿìè (3.46),(3.81). Â íàøåì ñëó÷àå èç (3.81),(3.89)

èìååì

θ(t) = θ0 + θ̇0t+

t∫
0

(t− t1){buxxx(l(t1), t1; l/l0) + uxx(l(t1), t1; l/l0)+

+[l2(t1; θ̇
2) + (2b+ 1)l(t1; θ̇

2)− 1/2]lt(t1; θ̇
2)θ̇(t1)−M∗(t1; l/l0)}J−10 (l(t1; θ̇

2))dt1, (4.28)

θ̇(t) = θ̇0 −
t∫

0

(t− t1){buxxx(l(t1), t1; l/l0) + uxx(l(t1), t1; l/l0)+

+[l2(t1; θ̇
2) + (2b+ 1)l(t1; θ̇

2)− 1/2]lt(t1; θ̇
2)θ̇(t1)−M∗(t1; l/l0)}J−10 (l(t1; θ̇

2))dt1, (4.29)

ãäå

u(x, t; l/l0) = u0(x, t; l/l0) + u1(x, t; l/l0) +

t∫
0

w∗(x, t, t1, l/l0)dt1 +

t∫
0

w(x, t, t1, l/l0)dt1, (4.30)

Â (4.30) ôóíêöèîíàë w∗(·) îïðåäåëÿåòñÿ ñîãëàñíî íà÷àëüíî-êðàåâîé çàäà÷å (3.42)-(3.44)

ïî ôóíêöèè

f(x, t) = 2[J(l(t; θ̇2))(b+ l(t; θ̇2)− x)(b+ l(t; θ̇2)− 1/2)] + 2θ̇(t) · lt(t; θ̇2).

Ðàññìàòðâèàÿ òåïåðü (4.28), (4.29) êàê ñèñòåìó èíòåãðàëüíûõ óðàâíåíèé òèïà Âîëüòåðà

îòíîñèòåëüíî θ(t), θ̇(t), íàõîäèì åå ðåøåíèÿ θ∗(t), θ̇∗(t) íà îòðåçêå [0, T ], îáðàùàþùèåñÿ â θ0

è θ̇0 ïðè t = 0. Â êà÷åñòâå ìåòîäà ìîæíî èñïîëüçîâàòü ìåòîä øàãîâ ïî t. Óêàçàííîå ðåøåíèå

áóäåò îïòèìàëüíûì. Ïî ýòîìó ðåøåíèþ îïðåäåëÿþòñÿ l∗(t), l̇∗(t), F ∗(t), u∗(x, t).
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Ðåøåíèÿ çàäà÷è 1.2 è 1.4 íàõîäèòñÿ ïî ñòàíäàðòíîé ñõåìå. Ïî çàäàííîìó T∗ îïðåäåëÿ-

þòñÿ F ∗(t) è M∗(t). Âû÷èñëÿåòñÿ çíà÷åíèå ôóíêöèîíàëà Φ1(M
∗, F ∗) (Φ2(M

∗, F ∗)). Òàê êàê

lim
T→0

Φj(·) = ∞, lim
T→∞

Φj(·) = 0, òî âûáèðàåòñÿ ìèíèìàëüíîå T ∗, óäîâëåòâîðÿþùåå óñëîâèþ

Φj(M
∗, F ∗) = L (j = 1, 2, ...).

Äëÿ ïðàêòè÷åñêîãî ïîñòðîåíèÿ ðåøåíèÿ óäîáíî âîñïîëüçîâàòüñÿ ñëåäóþùèì èòåðàöè-

îííûì ïðîöåññîì.

J(l(k+1))θ̈(k+1)−
l(k+1)∫
0

(b+ l− x1)u(k+1)
tt (x1, t)dx1 + 2l̇(k+1)θ̇(k)(b+ l(k+1)− 1/2) = M (k+1)(t), (4.31)

u
(k+1)
tt + u(k+1)

xxxx = (b+ l(k+1) − x)θ̈(k) + 2θ̇(k)l̇(k+1), (4.32)

u(k+1)
xx (0, t) = u(k+1)

xxx (0, t) = 0, u(k+1)
x (l(k+1), t) = u(k+1)(l(k+1), t) = 0, (4.33)

θ(k+1)(0) = θ
(k+1)
0 , ˙θ(k+1)(0) =

˙
θ
(k+1)
0 , u(k+1)(x, 0) = u0(x), u

(k+1)
t (x, 0) = u̇0(x), (4.34)

l(k+1)(t) = l

(
t,
(
θ̇(k)(t)

)2)
, θ(0)(t) ≡ 0, k = 0, 1, .... (4.35)

Ïðè êàæäîì ôèêñèðîâàííîì k íà÷àëüíî-êðàåâàÿ çàäà÷à (4.32)-(4.35) èìååò âèä (3.1)-

(3.4), êîòîðàÿ ïîäðîáíî èññëåäîâàíà â ãëàâå 3 è äëÿ êîòîðîé ðåøåíû çàäà÷è 1.1-1.4. Îïòè-

ìàëüíûå óïðàâëåíèÿ Mk∗(t) è îïòèìàëüíûå ðåøåíèÿ θk∗(t), uk∗(x, t) ñòðîÿòñÿ â ÿâíîì âèäå.

Èõ ñõîäèìîñòü äîêàçûâàåòñÿ àíàëîãè÷íî ñõîäèìîñòè èòåðàöèîííîãî ïðîöåññà (4.20)-(4.26).

Ïðèìåð 4.2

Ðàññìîòðèì ïðèìåð 4.1, ñ÷èòàÿ ðóêó îáëàäàþùåé óïðóãîé ïîäàòëèâîñòüþ (E = 2 · 1011

Í/ì2). Íà ðèñ. (4.13)-(4.18) ïðèâåäåíû äëÿ ðàçëè÷íûõ çíà÷åíèé âðåìåíè T ïðèâåäåíû ãðàôè-

êè îïòèìàëüíûõ óïðàâëåíèé M∗(t), F ∗(t) (â áåçðàçìåðíûõ ïåðåìåííûõ) ïîâîðîòà ñèñòåìû

íà óãîë π/2 ïðè íóëåâûõ íà÷àëüíûõ ñêîðîñòÿõ èç íóëåâîãî ïîëîæåíèÿ ðàâíîâåñèÿ ñ ïîëíûì

ãàøåíèåì êîëåáàíèé è ïåðåâîäÿùèõ ðóêó ìàíèïóëÿòîðà èç ïîëîæåíèÿ l0 = 0.5 â ïîëîæå-

íèå lT = 1 ïðè íóëåâûõ íà÷àëüíûõ è êîíå÷íûõ ñêîðîñòÿõ. Íà ðèñóíêàõ òàêæå ïðèâåäåíû

ãðàôèêè ôóíêöèé θ(t), θ̇(t) è l(t), l̇(t).
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Ðèñ. 4.13. Îïòèìàëüíûå óïðàâëåíèÿ â ïðîñòðàíñòâå L2 è ãðàôèêè ôóíêöèé l(t), l̇(t) è θ(t), θ̇(t)

äëÿ âðåìåíè T = 0.05 c.
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Ðèñ. 4.14. Îïòèìàëüíûå óïðàâëåíèÿ â ïðîñòðàíñòâå L2 è ãðàôèêè ôóíêöèé l(t), l̇(t) è θ(t), θ̇(t)

äëÿ âðåìåíè T = 0.1 c.

Ðèñ. 4.15. Îïòèìàëüíûå óïðàâëåíèÿ â ïðîñòðàíñòâå L2 è ãðàôèêè ôóíêöèé l(t), l̇(t) è θ(t), θ̇(t)

äëÿ âðåìåíè T = 0.2 c.
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Ðèñ. 4.16. Îïòèìàëüíûå óïðàâëåíèÿ â ïðîñòðàíñòâå L∞ è ãðàôèêè ôóíêöèé l(t), l̇(t) è

θ(t), θ̇(t) äëÿ âðåìåíè T = 0.05 c.
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Ðèñ. 4.17. Îïòèìàëüíûå óïðàâëåíèÿ â ïðîñòðàíñòâå L∞ è ãðàôèêè ôóíêöèé l(t), l̇(t) è

θ(t), θ̇(t) äëÿ âðåìåíè T = 0.1 c.

Ðèñ. 4.18. Îïòèìàëüíûå óïðàâëåíèÿ â ïðîñòðàíñòâå L∞ è ãðàôèêè ôóíêöèé l(t), l̇(t) è

θ(t), θ̇(t) äëÿ âðåìåíè T = 0.2 c.
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Çàêëþ÷åíèå

Â äèññåðòàöèè ðàññìîòðåíû çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ ïîâåäåíèåì ðåøåíèé ìà-

òåìàòè÷åñêîé ìîäåëè òåëåñêîïè÷åñêîãî ìàíèïóëÿòîðà, êîòîðàÿ ÿâëÿåòñÿ íà÷àëüíî-êðàåâîé

çàäà÷åé äëÿ ãèáðèäíîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé, ò.å. ñèñòåìû óðàâíåíèé, ñî-

äåðæàùåé êàê îáûêíîâåííûå äèôôåðåíöèàëüííûå óðàâíåíèÿ, òàê è óðàâíåíèÿ â ÷àñòíûõ

ïîèçâîäíûõ. Ñâÿçü ìåæäó óðàâíåíèÿìè îñóùåñòâëÿåòñÿ ÷åðåç ôóíêöèîíàëûè èíòåãðàëüíûå

îïåðàòîðû. Ðóêà ìàíèïóëÿòîðà îáëàäàåò óïðóãîé ïîäàòëèâîñòüþ è èìååò äâå ñòåïåíè ñâî-

áîäû - ìîæåò îñóùåñòâëÿòü ïîâîðîò âîêðóã ôèêñèðîâàííîé îñè, ïðîõîäÿùåé ÷åðåç öåíòð

ìàññ íàïðàâëÿþùåé è ïåðåìåùàòüñÿ âäîëü åå îñè. Â ñîîòâåòñòâèè ñ ýòèì â ìàòåìàòè÷åñêóþ

ìîäåëü âõîäèò äâå óïðàâëÿþùèå ôóíêöèè. Äëÿ íà÷àëüíî-êðàåâîé çàäà÷è ðåøåíû çàäà÷è

îïòèìàëüíîãî óïðàâëåíèÿ, ñâÿçàííûå ñ ïåðåâîäîì ðåøåíèé èç íà÷àëüíîãî ôàçîâîãî ñîñòî-

ÿíèÿ â êîíå÷íîå â çàäàííûé ìîìåíò âðåìåíè T ïðè ìèíèìàëüíîì çíà÷åíèè íîðìû óïðàâ-

ëÿþùèõ ôóíêöèé â ïðîñòðàíñòâàõ L2(0, T ) è L∞(0, T ), à òàêæå çàäà÷è áûñòðîäåéñòâèÿ ïðè

óñëîâèè îãðàíè÷åííîñòè ýòèõ íîðì, ðàçðàáîòàíû àëãîðèòìû ïîñòðîåíèÿ ñîîòâåòñòâóþùèõ

îïòèìàëüíûõ óïðàâëåíèé. Â êà÷åñòâå ìåòîäà èññëåäîâàíèé èñïîëüçóåòñÿ ìåòîäèêà, ïîçâîëÿ-

þùàÿ ñâåñòè ðàññìîòðåíèå çàäà÷ îïòèìàëüíûõ óïðàâëåíèé ê íåëèíåéíîé ïðîáëåìå ìîìåíòîâ

â ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ. Ðåøåíèÿ íåëèíåéíîé ïðîáëåìû ìîìåíòîâ îñóùåñòâëÿåò-

ñÿ èòåðàöèîííûì ìåòîäîì. Ïîêàçàíà åãî ñõîäèìîñòü. Äëÿ êîíêðåòíûõ ïðèìåðîâ ïðîäåìîí-

ñòðèðîâàíà ýôôåêòèâíîñòü ïðåäëîæåííûõ â äèññåðàöèè ïîäõîäîâ ïîñòðîåíèÿ îïòèìàëüíûõ

óïðàâëåíèé. Ðàçðàáîòàí ïðîãðàììíûé êîìïëåêñ ïîñòðîåíèÿ îïòèìàëüíûõ óïðàâëåíèé, êî-

òîðûé ïðîøåë ãîñóäàðñòâåííóþ ðåãèñòðàöèþ.
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Ïðèëîæåíèå 1

Â äàííîì ïðèëîæåíèè ïðèâîäèòñÿ êîïèÿ ñåðòèôèêàòà ãîñóäàðñòâåííîé ðåãèñòðàöèè

ïðîãðàììíîãî êîìïëåêñà äëÿ ÝÂÌ äëÿ ïîñòðîåíèÿ îïòèìàëüíûõ óïðàâëåíèé.

Ïðîãðàììà ïðåäíàçíà÷åíà äëÿ ïîñòðîåíèÿ îïòèìàëüíûõ óïðàâëåíèé äâèæåíèåì ðóêè

òåëåñêîïè÷åñêîãî ìàíèïóëÿòîðà, îáëàäàþùåé óïðóãîé ïîäàòëèâîñòüþ. Ðóêà ìàíèïóëÿòîðà

ìîæåò ñîâåðøàòü ïîñòóïàòåëüíîå è âðàùàòåëüíîå äâèæåíèÿ. Îïòèìàëüíûå óïðàâëåíèÿ ñòðî-

ÿòñÿ ëèáî ñ ìèíèìóìîì ýíåðãèþ ïðîãðàììíûõ óïðàâëåíèé, ëèáî ñ ìèíèìóìîì âåëè÷èíû

óïðàâëÿþùåãî âîçäåéñòâèÿ. Âîçìîæíî òàêæå ðåøåíèå çàäà÷è áûñòðîäåéñòâèÿ ïðè îãðàíè-

÷åíèè âåëè÷èíû ýíåðãèè óïðàâëÿþùåãî âîçäåéñòâèÿ èëè åãî âåëè÷èíû. Ïðåäñòàâëÿåò ñîáîé

ñòàíäàðòíûé èñïîëíÿåìûé ôàéë îïåðàöèîííîé ñèñòåìû MS Windows. Îñíîâíûå ôóíêöè-

îíàëüíûå âîçìîæíîñòè ïðîãðàììû: óäîáíûé ââîä ïàðàìåòðîâ ñèñòåìû ÷åðåç ãðàôè÷åñêèé

èíòåðôåéñ ïîëüçîâàòåëÿ, âûâîä ðåçóëüòàòîâ ðàáîòû àëãîðèòìà â ãðàôè÷åñêîì è ÷èñëåííîì

âèäå. Îáëàñòè èñïîëüçîâàíèÿ: ïðîåêòèðîâàíèå ìàíèïóëÿöèîííûõ ðîáîòîâ, èññëåäîâàíèå äè-

íàìèêè äèñêðåòíî-êîíòèíóàëüíûõ ìåõàíè÷åñêèõ ñèñòåì.

Â ïðèëîæåíèè 2 ïðèâåäåíû ôðàãìåíòû êîäà ðàññ÷åòíîé çàäà÷è.
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Ïðèëîæåíèå 2

Ïðèëàãàåòñÿ êîä ïðîãðàììíîãî êîìëåêñà, èñïîëüçîâàííûé äëÿ ïîñòðîåíèÿ ãðàôè-

êîâ îïòèìàëüíûõ óïðàâëåíèé, à òàêæå ôóíêöèé l(t), l̇(t), θ(t), θ̇(t) â ïðîñòðàíñòâàõ L2 è L∞

äëÿ âðåìåíè T.

void CalculateVn()

{

InitManager.InitConstants(0, 1);

var betaList = new List<Result>();

for (var i = 0; i < InitManager.BetaCount; i++)

{

betaList.Add(new Result { Y = InitManager.BetaList[0, i] });

}

VnList = new List<List<ResultXY>>();

var linesToDisplay = new List<Dictionary<double, double>>();

for (var beta = 0; beta < InitManager.BetaCount; beta++)

{

var vnList = new List<ResultXY>();

var vnValuesDict = new Dictionary<double, double>();

}

for (var i = 0; i < InitManager.VnFunctions[0][beta].Count; i++)

{

var x = i * (InitManager.LengthEnd) / InitManager.TimeStepsCount;

vnValuesDict[x] = InitManager.VnFunctions[0][beta][i];

vnList.Add(new ResultXY { X = x, Y = vnValuesDict[x] });

}

VnList.Add(vnList);

linesToDisplay.Add(vnValuesDict);

BetaList = betaList;

LinesToDisplay = linesToDisplay;

}

public static void BuildOrtogonalization(int tauCount)

{

for (var step = 0; step < BetaCount * 2 + 2; step++)
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{

FiList.Add(new Dictionary<int, double>());

FiWaveList.Add(new Dictionary<double, double>());

for (var i = 0; i < step; i++)

{

var alpha = new AlphaModel

{

I = step,

J = i,

Value = (-1) * Integrals.FuncVnVm(QList[step].Values.ToList(),

fiList[i].Values.ToList(), LengthEnd, LengthEnd / tauCount, B)

};

AlphaList.Add(alpha);

}

var qKeys = QList[step].Keys.ToList();

for (var tauIdx = 0; tauIdx < tauCount; tauIdx++)

{

FiWaveList[step][tauIdx] = QList[step][qKeys[tauIdx]];

for (var i = 0; i < step; i++)

{

var alpha = AlphaList.FirstOrDefault

(a => a.I == step && a.J == i).Value;

FiWaveList[step][tauIdx] += alpha * FiList[i][tauIdx];

}

}

MyuList.Add(Math.Sqrt(Integrals.FuncVnVm

(FiWaveList[step].Values,

FiWaveList[step].Values.ToList(), LengthEnd,

LengthEnd / tauCount, B)));

for (var tauIdx = 0; tauIdx < tauCount; tauIdx++)

{

FiList[step][tauIdx] = FiWaveList[step][tauIdx] / MyuList[step];

}

BetaSlnList.Add(AlphaList.FirstOrDefault
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(a => a.I == step && a.J == null).Value

/ MyuList[step]);

for (var i = 0; i < step; i++)

{

BetaSlnList[step] += AlphaList.FirstOrDefault

(a => a.I == step

&& a.J == i).Value * BetaSlnList[i]

/ MyuList[step];

}

}

for (var tauIdx = 0; tauIdx < tauCount; tauIdx++)

{

MOptSln[tauIdx * TimeEnd / tauCount] = 0;

for (var i = 0; i < FiList.Count; i++)

{

MOptSln[tauIdx * TimeEnd / tauCount] +=

BetaSlnList[i] * FiList[i][tauIdx] * 10;

}

}

var idx = Form1.mSlnList.Count(item=>item.Count>1);

form1.mSlnList[idx] = MOptSln;

}

public static double FuncVnVm(List<double> vn,

List<double> vm, double l,

double step, double J1, double b)

{

double norma = 0, x = 0;

try

{

for (var c = 0; x + step < l; c++, x = step * c)

{

norma += (step / 2) * ((vn[c] * vm[c]

+ vn[c + 1] * vm[c + 1]) +

(1 / J1) * ((b + l - x) * vn[c] + ((b + l - (x + step))
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* vn[c + 1]))

* ((b + l - x) * vm[c] + ((b + l - (x + step))

* vm[c + 1])));

}

}

catch {}

return norma;

}

public static double FunctionJ1(double l, double b, double J)

{

return J - ((Pow((b + l - 1), 3) - Pow(b, 3)) / 3);

}

public static double AnCalculation(double beta, double l,

double b, double J1)

{

return (Sh(beta * l)) + ((1 - ((2 * b) / (J1

* Pow(beta, 2)))) * Sin(beta * l)) -

(((2 * Pow(b, 2)) / (J1 * beta)) * Cos(beta * l));

}

public static double BnCalculation(double beta, double l,

double b, double J1)

{

return ((-1) * (Ch(beta * l))) - ((1 + ((2 * b)

/ (J1 * Pow(beta, 2)))) * Cos(beta * l)) -

((2 / (J1 * Pow(beta, 3))) * Sin(beta * l));

}

public static double CnCalculation(double beta, double l,

double b, double J1)

{

return ((-1) * (1 + ((2 * b) / (J1 * Pow(beta, 2))))

* (Sh(beta * l))) - (Sin(beta * l)) -

(((2 * Pow(b, 2)) / (J1 * beta)) * Ch(beta * l));

}

public static double DnCalculation(double beta, double l, double b, double J1)
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{

return ((1 - ((2 * b) / (J1 * Pow(beta, 2))))

* Ch(beta * l)) + (Cos(beta * l)) -

((2 / (J1 * Pow(beta, 3))) * Sh(beta * l));

}

public static double DetCalculation(double beta,

double l, double b, double J1)

{

return (Cos(beta * l) * Ch(beta * l)) + 1 +

((1 / (J1)) * ((((1 / Pow(beta, 3)) + (Pow(b, 2)

/ beta)) * Sin(beta * l) * Ch(beta * l)

) + (((Pow(b, 2) / beta) - (1 / Pow(beta, 3)))

* Cos(beta * l) * Sh(beta * l)) + (

((2 * b) / Pow(beta, 2)) * Sin(beta * l) * Sh(beta * l))));

}

public static double[] FunctionBeta(double l,

double b, double J1, int betaCount)

{

var beta = new double[100];

var flag = 0;

for (var i = 0; i < betaCount; i++)

{

double p;

double z;

double aa;

if (i == 0)

{

p = 0.00001;

z = DetCalculation(p, l, b, J1);

if (z > 0)

{

flag = 1;

}
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if (z < 0)

{

flag = -1;

}

aa = p; p = 0.0001;

}

else

{

flag *= -1;

p = beta[i - 1] + 0.0001;

aa = p;

p = aa + 0.0001;

}

double bb = 0;

while (bb == 0)

{

z = DetCalculation(p, l, b, J1);

if (flag == 1 && z < 0) { bb = p; }

if (flag == -1 && z > 0) { bb = p; }

p += 0.0001;

}

double s = 0;

while (aa <= bb && s < 1000)

{

p = (aa + bb) / 2;

z = DetCalculation(p, l, b, J1);

if (flag == 1 && z < 0) { bb = p; }

if (flag == 1 && z > 0) { aa = p; }

if (flag == -1 && z < 0) { aa = p; }

if (flag == -1 && z > 0) { bb = p; }

s++;

}

beta[i] = (aa + bb) / 2;

}
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return beta;

}

}

public static double[] GetIntegral(double beta,

double length, double b, double J1)

{

var func = new List<double>();

while (Math.Abs(result - oldResult) > Precision || counter < 1)

{

oldResult = result;

result = 0;

double step = length / points;

func = GetVn(beta, length, b, J1, step, points, out counter)

.ToList();

for (var i = 0; i < points; i++)

{

double x = step*i;

result += (step / 2) * (func[i] * func[i]

+ func[i + 1] * func[i + 1])

+ (step / 2) * (1/J1)*((b + length - x)*func[i]

+ ((b + length - (x + step))*func[i + 1]))

* ((b + length - x)*func[i] + ((b + length

- (x + step))*func[i + 1]));

}

counter++;

if (points > Math.Pow(10, 7))

{

break;

}

points *= 2;

if (points > 500000)

{

break;

}
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}

Norma[beta] = result;

return GetVn(beta, length, b, J1, length

/ (TimeStepsCount - 2), TimeStepsCount - 2,

out counter).Select(p => p

/ Math.Sqrt(Math.Abs(Norma[beta]))).ToArray();

}

public static void InitQ(int tauCount)

{

TimeStart = 0;

LengthStart = LengthStartFromForm;

CalculateWnSum(tauCount);

for (var tauIdx = 0; tauIdx <= tauCount; tauIdx++)

{

var lengthByIdx = ltauFunc[tauIdx];

var tau = TauList[tauIdx];

QList[0][tau] = 1 / FunctionJ1(lengthByIdx, B, J)

+ B * (PsiTauList[0][2] - PsiTauList[1][2])

* WnList[3][tauIdx]

+ (PsiTauList[0][3] - PsiTauList[1][3])

* WnList[2][tauIdx];

QList[1][tau] = ((TimeEnd - tau) / FunctionJ1(lengthByIdx, B, J))

+ B * (PsiTauList[0][0] - PsiTauList[1][0])

* WnList[3][tauIdx]

+ (PsiTauList[0][1] - PsiTauList[1][1])

* WnList[2][tauIdx];

}

for (var beta = 0; beta < BetaCount; beta++)

{

QList.Add(UnTauList[beta]);

QList.Add(dUnTauList[beta]);

}

}
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public static void CalculateWnSum(int tauCount)

{

for (var derivative = 0; derivative < 4; derivative++)

{

for (var tauIdx = 0; tauIdx <= tauCount; tauIdx++)

{

for (var beta = 0; beta < BetaCount; beta++)

{

if (beta == 0)

{

WnList[derivative][tauIdx] = 0;

}

WnList[derivative][tauIdx] += UnTauList[beta][UnTauList[beta]

.Keys.ToList()[tauIdx]]* VnFunctions[derivative][beta][tauIdx];

}

}

}

}

public static double[] GetVn(double beta, double l,

double b, double J1, double step,

int points, out int count)

{

var vn = new double[points + 2];

double x = 0;

count = 0;

var an = AnCalculation(beta, l, b, J1);

var bn = BnCalculation(beta, l, b, J1);

var cn = CnCalculation(beta, l, b, J1);

var dn = DnCalculation(beta, l, b, J1);

for (var c = 0; x <= l; c++, count++)

{

x = c * step;

var arg = beta * (l - x);

vn[c] = an * Ch(arg) + bn * Sh(arg) + cn * Cos(arg)
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+ dn * Sin(arg) -

((1 / (J1 * Pow(beta, 2))) * (b + l - x) *

((beta * b * (bn - dn)) - an + cn));

}

return vn;

}

public static double[] OneVnCalculation(double beta,

double l, double b, double J1, double step)

{

var vn = new double[TimeStepsCount+2];

double x = 0;

var count = 0;

var an = AnCalculation(beta, l, b, J1);

var bn = BnCalculation(beta, l, b, J1);

var cn = CnCalculation(beta, l, b, J1);

var dn = DnCalculation(beta, l, b, J1);

for (var c = 0; x <= l; c++, count++)

{

x = c * step;

var arg = beta * (l - x);

vn[c] = -an * beta * Sh(arg) - bn * beta * Ch(arg)

+ cn * beta * Sin(arg) -

dn * beta * Cos(arg) +((1 / (J1 * Pow(beta, 2)))

* ((beta * b * (bn - dn)) - an + cn));

vn[c] = vn[c] / Math.Sqrt(Math.Abs(Norma[beta]));

}

return vn;

}

public static double[] TwoVnCalculation(double

beta, double l, double b, double J1, double step)

{

var vn = new double[TimeStepsCount + 2];

double x = 0;

var count = 0;
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var an = AnCalculation(beta, l, b, J1);

var bn = BnCalculation(beta, l, b, J1);

var cn = CnCalculation(beta, l, b, J1);

var dn = DnCalculation(beta, l, b, J1);

for (var c = 0; x <= l; c++, count++)

{

x = c * step;

var arg = beta * (l - x);

vn[c] = an * Math.Pow(beta, 2) * Ch(arg) + bn

* Math.Pow(beta, 2) * Sh(arg)

- cn * Math.Pow(beta, 2) * Cos(arg) - dn

* Math.Pow(beta, 2) * Sin(arg);

vn[c] = vn[c] / Math.Sqrt(Math.Abs(Norma[beta]));

}

return vn;

}

public static double[] ThreeVnCalculation(double beta,

double l, double b, double J1, double step)

{

var vn = new double[TimeStepsCount + 2];

double x = 0;

var count = 0;

var an = AnCalculation(beta, l, b, J1);

var bn = BnCalculation(beta, l, b, J1);

var cn = CnCalculation(beta, l, b, J1);

var dn = DnCalculation(beta, l, b, J1);

for (var c = 0; x <= l; c++, count++)

{

x = c * step;

var arg = beta * (l - x);

vn[c] = - an * Math.Pow(beta, 3) * Sh(arg) -

bn * Math.Pow(beta, 3) * Ch(arg)

- cn * Math.Pow(beta, 3) * Sin(arg)+ dn *

Math.Pow(beta, 3) * Cos(arg);
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vn[c] = vn[c] / Math.Sqrt(Math.Abs(Norma[beta]));

}

return vn;

}

public static double ThreeVnPoint(double beta,

double l, double b, double J1)

{

var arg = 0;

var an = AnCalculation(beta, l, b, J1);

var bn = BnCalculation(beta, l, b, J1);

var cn = CnCalculation(beta, l, b, J1);

var dn = DnCalculation(beta, l, b, J1);

return (-an * Math.Pow(beta, 3) * Sh(arg)

- bn * Math.Pow(beta, 3) * Ch(arg)

- cn * Math.Pow(beta, 3) * Sin(arg) + dn

* Math.Pow(beta, 3) * Cos(arg))

/ Math.Sqrt(Math.Abs(Norma[beta]));

}

public static double[] FourVnCalculation(double beta,

double l, double b, double J1, double step)

{

var vn = new double[TimeStepsCount + 2];

double x = 0;

var count = 0;

var an = AnCalculation(beta, l, b, J1);

var bn = BnCalculation(beta, l, b, J1);

var cn = CnCalculation(beta, l, b, J1);

var dn = DnCalculation(beta, l, b, J1);

for (var c = 0; x <= l; c++, count++)

{

x = c * step;

var arg = beta * (l - x);

vn[c] = an * Math.Pow(beta, 4) * Sh(arg) + bn

* Math.Pow(beta, 4) * Ch(arg)
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+ cn * Math.Pow(beta, 4) * Cos(arg)+ dn

* Math.Pow(beta, 4) * Sin(arg);

vn[c] = vn[c] / Math.Sqrt(Math.Abs(Norma[beta]));

}

return vn;

}

}

public static void InitParams(double tau, int tauCount)

{

TimeStart = tau;

if (tau > 0)

{

TimeStepsCount = (int)((TimeEnd - TimeStart) / TimeStep);

}

else

{

TimeStep = (TimeEnd - TimeStart) / TimeStepsCount;

}

TimesList = new List<double>{TimeStart};

PsiTauList = new List<List<double>>{

new List<double>(), new List<double>()};

for (var i = 1; i <= TimeStepsCount; i++)

{

TimesList.Add(TimesList[i - 1] + TimeStep);

}

LengthStart = (12*(LengthEnd - LengthStart)

/Math.Pow(TimeEnd, 3))*((TimeEnd*TimeStart*TimeStart/4

- Math.Pow(TimeStart, 3)/6)) + LengthStart;

for (var i = 0; i < TimeStepsCount; i++)

{

ltFunc.Add((12 * (LengthEnd - LengthStart) /
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Math.Pow(TimeEnd, 3)) *

((TimeEnd * TimesList[i] * TimesList[i] / 4

- Math.Pow(TimesList[i], 3) / 6)) + LengthStart);

lwaveFunc.Add(ltFunc[i] / LengthStart);

dLtFunc.Add((12 * (LengthEnd - LengthStart) /

Math.Pow(TimeEnd, 3)) * (TimeEnd * TimesList[i] / 2 -

TimesList[i] * TimesList[i] / 2));

J1L0Lt.Add(Calculator.FunctionJ1(LengthStart *

lwaveFunc[i], B, J));

J1Lt.Add(Calculator.FunctionJ1(ltFunc[i], B, J));

ddltFunc.Add((12 * (LengthEnd - LengthStart)

/ Math.Pow(TimeEnd, 3))

* (TimeEnd / 2 - TimesList[i]));

}

J1 = Calculator.FunctionJ1(LengthEnd, B, J);

InitPsiTauList(tauCount);

WnList.Add(new Dictionary<int, double>());

var betaList = Calculator.FunctionBeta(LengthStart, B, J1, BetaCount);

BetaList = new double[2,BetaCount];

for (int i = 0; i < BetaCount; i++)

{

BetaList[0, i] = betaList[i];

WnList.Add(new Dictionary<int, double>());

}

}

static void InitPsiTauList(int tauCount)

{

ltau = new List<double>();

var J1Ltau = new List<double>();

var tTauList = new List<double>();

var bottomFunc1 = new List<double>();

var bottomFunc2 = new List<double>();
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double tau = 0;

for (int i = 0; i < tauCount; i++)

{

tau = (TimeEnd - TimeStart)*i/tauCount;

ltau.Add((12 * (LengthEnd - LengthStart) /

Math.Pow(TimeEnd, 3)) * ((TimeEnd * tau * tau / 4 -

Math.Pow(tau, 3) / 6)) + LengthStart);

ltau[i] /= LengthStart;

J1Ltau.Add(Calculator.FunctionJ1(ltau[i], B, J));

tTauList.Add(TimeEnd - (TimeEnd / tauCount) * i);

bottomFunc1.Add(J1Ltau[i] * Math.Pow(ltau[i], 3));

bottomFunc2.Add(J1Ltau[i] * Math.Pow(ltau[i], 2));

}

}

static void InitIntegrals()

{

for (var n = 0; n < BetaCount; n++)

{

for (var m = 0; m < BetaCount; m++)

{

firstIntegral[n, m] = Integrals.GetFirstIntegral(n, m);

SecondIntegral[n, m] = Integrals.GetSecondIntegral(n, m);

ThirdIntegral[n, m] = Integrals.GetThirdIntegral(n, m);

fourthIntegral[n, m] = Integrals.GetFourthIntegral(n, m);

fifthIntegral[n, m] = Integrals.GetFifthIntegral(n, m);

SixthIntegral[n, m] = Integrals.GetSixthIntegral(n, m);

SeventhIntegral[n, m] = Integrals.GetSeventhIntegral(n, m);

EighthIntegral[n, m] = Integrals.GetEighth(n, m);

}

}

}

static void InitPsiConsts()

{

for (var i = 0; i < BetaCount; i++)
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{

PsiKsiList.Add(new List<double>());

for (var t = 0; t < TimeStepsCount; t++)

{

double x = LengthStart * t / TimeStepsCount;

PsiKsiList[i].Add((1 / J1) * (B + LengthStart - x));

}

double psi = Calculator.FuncVnVm(PsiKsiList[i],

VnFunctions[0][i].Values.ToList(),

LengthStart, LengthStart/TimeStepsCount, J1, B);

PsiConstList.Add(psi);

}

}

// <dVn*Ksi, Vm>

public static double GetFirstIntegral(int n, int m)

{

return FuncVnVm(VnFunctions[1][n].Values.ToList(),

VnFunctions[0][m].Values.ToList(),

LengthStart, LengthStart/TimeStepsCount, B);

}

public static double GetSecondIntegral(int n, int m)

{

var vnFuncList = new List<double>();

List<double> ksiSquaredList = GetKsi(2);

for (var i=0; i<TimeStepsCount; i++)

{

vnFuncList.Add(ksiSquaredList[i]*VnFunctions[2][n][i]);

}

return FuncVnVm(vnFuncList, VnFunctions[0][m].Values.ToList(),

LengthStart,

LengthStart / TimeStepsCount, B);

}

public static double GetThirdIntegral(int n, int m)

{
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var vnFuncList = new List<double>();

List<double> ksiList = GetKsi(1);

for (var i = 0; i < TimeStepsCount; i++)

{

vnFuncList.Add(ksiList[i] * VnFunctions[1][n][i]);

}

return FuncVnVm(vnFuncList, VnFunctions[0][m].Values.ToList(),

LengthStart,

LengthStart / TimeStepsCount, B);

}

public static double GetFourthIntegral(int n, int m)

{

return FuncVnVm(VnFunctions[4][n].Values.ToList(),

VnFunctions[0][m].Values.ToList(),

LengthStart, LengthStart/TimeStepsCount, B);

}

public static double GetFifthIntegral(int n, int m)

{

var vnFunc = new List<double>();

List<double> oneConst = GetOneConst();

for (var i = 0; i < TimeStepsCount; i++)

{

vnFunc.Add(oneConst[i] * VnFunctions[3][n][i]);

}

return FuncVnVm(vnFunc, VnFunctions[0][m].Values.ToList(),

LengthStart, LengthStart / TimeStepsCount, B);

}

public static double FuncVnVm(List<double> vn, List<double> vm,

double l, double step, double b)

{

double norma = 0, x = 0;

for (var c = 0; x + step < l; c++, x = step*c)

{

norma += (step/2)*((vn[c]*vm[c] + vn[c + 1]*vm[c + 1]) +
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(1/ J1)*((b + l - x)*vn[c] + ((b + l - (x + step))*vn[c + 1]))

*((b + l - x)*vm[c] + ((b + l - (x + step))*vm[c + 1])));

}

return norma;

}

static List<double> GetKsi(int pow)

{

var ksiList = new List<double>();

for (int i = 0; i < TimeStepsCount; i++)

{

ksiList.Add(Math.Pow(i*LengthStart/TimeStepsCount, pow));

}

return ksiList;

}

public static List<double> GetOneConst()

{

var ksiList = new List<double>();

for (int i = 0; i < TimeStepsCount; i++)

{

ksiList.Add(1);

}

return ksiList;

}

}
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